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Abstract 

We construct differential i^T-theory of representable smooth orbifolds as a ring 
valued functor with the usual properties of a differential extension of a cohomology 
theory. For proper submersions (with smooth fibres) we construct a push-forward 
map in differential orbifold .fT-theory. Finally, we construct a non-degenerate inter- 
section pairing with values in C/Z for the subclass of smooth orbifolds which can be 
written as global quotients by a finite group action. We construct a real subfunctor 
of our theory, where the pairing restricts to a non-degenerate R/Z- valued pairing. 
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1 Introduction 

In this paper we give the construction of a model of differential i^-theory for orbifolds. 
It generalizes the model for smooth manifolds | BS07 |. Major features are the construc- 



tion of cup-product and push-forward with all desired properties, and the localization 
isomorphism. 

Our construction includes a model of equivariant differential .fT-theory for Lie group ac- 
tions with finite stabilizers. However, a construction in the realm of orbifolds not only 
covers more general objects, but is stronger also for group actions. The additional in- 
formation is the independence of the choice of presentations. In equivariant terms, this 
means that one has induction and descend isomorphisms. 

One of the motivations for the consideration of differential i^-theory came from mathe- 
matical physics, in particular from type-II superstring theory. Here it was used as a host 
of certain fields with differential form field strength, see e.g. [ |FMS07|| , |[Wit98 |, [ MM97 . 



For the corresponding theory on orbifolds one needs the corresponding generalization of 
differential .fT-theory [(SV07|| . To serve this goal is one of the main motivation of this pa- 
per. As explained in |[SV07|| , the intersection pairing in differential .fT-theory on compact 
K-oriented orbifolds is an important aspect of the theory. In the present paper we con- 
struct a non-degenerated C/Z- valued paring. We also construct a certain real subfunctor, 
and the pairing restricts to a non-degenerated R/Z- valued pairing on this subfunctors. 
In this paper, we use the terminology "differential .ff -theory" throughout. In previous 
publications, we used the synonym "smooth i^-theory" . Dan Freed convinced us that the 
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analogy with differential forms impliess that the first expression is more appropriate. 
We now describe the contents of the paper. In Section ||] we construct the model of 
differential i^-theory and verify its basic properties. We first review the relevant orbifold 
notation. Then we define differential .ff -theory for orbifolds by cycles and relations as 
a direct generalization of the construction for manifolds | BS07|| , with some extra care in 
the local analysis. In the sequel, we will refer to the case of smooth manifolds as the 
"non-singular case" or the "smooth case" . 

Section [| is devoted to the cup-product and the push-forward. These are again direct gen- 
eralizations of the corresponding constructions in ||BS07|| . In p.5| we prove the localization 
theorem in differential iT-theory for global quotients by finite group actions. 
In Section f| we prove two results. The first is Theorem [18] which identifies the flat part of 
differential i^-theory as i^-theory with coefficients in C/Z. The result is a generalization 
of [PS07| , Prop. 2.25], the proof requires fundamental new ideas. Finally we show in 
Theorem |4.14| that the intersection pairing is non-degenerate. 

The final Section |5| contains some interesting explicit calculations and important bordism 
formulas which are crucial for any calculations. 

Very recently the preprint ||Ortf| appeared. It gives another construction of differential 
equivariant i^-theory for finite group actions along the lines of [ |HS05| . It defines a 
push- forward to a point. The main difference between the two approaches is that our 
constructions are mainly analytical, whereas his are mainly homotopy theoretic. 
Ortitz there raises the interesting question ||Ort| , Conjecture 6.1] of identifying this push- 
forward in analytic terms. Note that in our model, in view of the geometric construction 
of the push-forward and the analytic nature of the relations, the conjectured relation is 
essentially a tautology. See ||BS07| , Corollary 5.5] for a more general statement in the non- 
equivariant case. ||Ort| , Conjecture 6.1] would be an immediate consequence of a theorem 
stating that any two models of equivariant differential .fT-theory for finite group actions 
are canonically isomorphic (see ||BS09|| for the non-equivariant version) in a compatible 
way with integration. It seems to be plausible that the method of [ |BSU9| | extends to the 
equivariant case though we have not checked the details. 

Acknowledgement: A great part of the material of the present paper has been worked out 
around 2003. Motivated by ^SVOTj] and fruitful personal discussion with R. Szabo and A. 
Valentino we transferred the theory to the case of orbifolds and worked out the details of 
the intersection pairing. 
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2 Definition of differential K-theory via cycles and 
relations 



2.1 Equivariant forms and orbifold A'-theory 

2.1.1 In the present paper we consider differential .fT-theory for orbifolds. By definition 
an orbifold is a stack X in smooth manifolds which admits an orbifold atlas A — y X. An 
orbifold atlas is a representable smooth and surjective map from a smooth manifold such 
that the groupoid A x x A =| A is proper and etale. For the language of stacks we refer 
to |PSS07|| , peiQ5| . 



2.1.2 A major source of orbifolds are actions of discete groups on smooth manifolds. Let 
G be a discrete group which acts on a smooth manifold M. The action \i : G X M — >■ M 
is called proper if the map idjvf) : G x M ^ M x M is proper. If the action is proper, 
then the quotient stack [M/G] is an orbifold. The map M — > [M/G] is an orbifold atlas. 
The associated groupoid is the action groupoid GxM=! M. 

Definition 2.1 An orbifold of the form [M/G] for a proper action of a discrete group on 
a smooth manifold is called good. 

Another source of examples arises from actions of compact Lie groups G on smooth 
manifolds M with finite stabilizers. In this case the quotient stack [M/G] is a smooth 
stack with an atlas M — > [M/G], but this atlas is not an orbifold atlas since the groupoid 
G x M =} M is not etale. In order to find an orbifold atlas we choose for every point 
m G M a transversal slice T m C M such that G Xc m T m — > M is a tubular neighbourhood 
of the orbit of m, where G m C G is the finite stabilizer of m. Then the composition 
UmeM — ► M — > [M/ G] is an orbifold atlas. 

Definition 2.2 An orbifold of the form [M/G] for an action of a compact Lie group G 
with finite stabilizers on a smooth manifold M is called presentable. 

Note that, by definition, a presentation [M/G] involves a compact group G. 
Let X be an orbifold with orbifold atlas A — > X. It gives rise to the etale groupoid 
A: A Xx A =4 A. To a manifold M we can associate the frame bundle Fr(M) in a 
functorial way. Therefore, the frame bundle Fr(A) — > A is ^4-equivariant. The frame 
bundle of X is defined as the quotient stack Fr(X) := \Ft(A)/A]. It does not depend on 
the choice of the atlas. 

Definition 2.3 An orbifold M is called effective if the total space of its frame bundle 
Fr(X) — > X is equivalent to a smooth manifold. 

It is known that an effective orbifold is presentable. On the other hand it is an open 
problem whether all orbifolds are presentable, see [[HMO f|| . 
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2.1.3 For an orbifold X let LX denote the inertia orbifold [IBSS08II. In the case of a 



good orbifold of the form [M/G] with a discrete group G, the inertia orbifold L[M/G] is 
the quotient stack [M/G], where M := |_J 9 eG ^ 9 CMis the smooth submanifold of 
fixed points of g, and the element h G G maps M 9 — > M hgh 1 in the natural way. 

2.1.4 For an orbifold X let fix denote the sheaf of complexes of smooth complex differ- 
ential forms. Its space of global sections will be denoted by Q(X) := Clx{X). 

In particular we can consider the complex Q(LX). Its cohomology is the delocalized 
orbifold de Rham cohomology H dR4doc (X) := H(LX) := H*(Q(LX)), see pSSOSfl . In 
the case of a good orbifold the forms on the inertia orbifold coincide with the invariant 
forms on M: 

Q{L[M/G]) ^ Q(Mf . 

2.1.5 Let E — y X be a complex vector bundle over an orbifold X. We choose a connec- 
tion V E . Let us explain the notion of a connection using an orbifold atlas A — > X. We 
consider the associated proper and etale groupoid A: A x x A =4 A. The vector bundle 
gives rise to an ^4-equivariant vector bundle Ea '■= E Xx A — >■ A, where the action is a 
fibrewise linear map 

(Ax x A) x^aEa ^E A ■ 

p r i 



To choose a connection on E — > X is equivalent to choose an .4-equivariant connection 
on Ea- For existence, first chose an arbitrary connection on Ea, and then average over 
A. 

2.1.6 Let E £j y LX be defined by the pull-back 



Et 



E 



X 



LX- 

with the induced connection V El . 

Note that the map of stacks % : LX — > X comes with a natural two-automorphism 



LX 
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induced by the two-automorphism in the pull-back square of the definition of the inertia 
stack LX 



X 



LX 



diag 

X ^X x X 



If X = [M/G] and LX = [M/G] as above (see |T|), then <p is given by M G x M 
M X [M /G] M, {x £ M 9 ) h> (g,x). 

The two-automorphism <fi induces an automorphism of El 



Er 



LX 

If X = [M/G] with G finite and LX 9i [U 9 eG M 9 / G] , the action of p on the fiber (E L ) X 

over x £ M 9 is given by the induced action of g on the fibre E x = (El) x - 

Using the curvature R^ El £ fl(LX, End(Ex)) of the connection V £l we define the Chern 

form 

ch(V E ) := Irpe-^ RVEL £ ft(LX) . 
This form is closed and represents the Chern character of E in delocalized cohomology 

Aeloc 

2.1.7 The inertia orbifold i: LX — > X is a group-object in stacks over X, see |[BSS08 |. 
If X = [M/G] so that LX = [|_| ffgG M 9 /G], then the multiplication and inversion I are 
given by (x,g)(x,h) := (x,gh) for x £ M 9 nM h , and I(x,g) := (x,^" 1 ). If 0: i =>■ i is 
the natural two-automorphism of i as in ([!]), then 



o/ 



(2) 



as 2-morphisms from ioI = itoioI = i. We define a real structure Q on Q(LX) by 
:= 7*cJ and let Q^(LX) C f2(LX) be the subcomplex of real forms for Q. It follows 
from (0) that 



I*E L -^I*E L 

commutes, too. This is easy to check in the case X = [M/G] with G finite. In this case 
p is given by the induced action of g on (El) x = E x for x £ M 9 , but I(x) £ M 9 , and 
thus I* p is given by the induced action of g^ 1 on (El)ii x ) = E x . 
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2.1.8 We can choose a hermitean metric on E and the connection compatible with this 
metric. In fact, one can choose an orbifold atlas / : A — > X and a metric and metric 
connection on f*E — > A. By averaging one can make these invariant under the groupoid 
A x x A =4 A. The invariant metric and connection give a metric and a metric connection 



on X, see 2.1.5 



The metric on E induces a metric on El, and the morphism p is unitary. Furthermore, 
the curvature of a metric connection takes values in the antihermitean endomorphisms. 
Because the connection pulls back from X we have I*V El = V El under the canonical 
isomorphism I* El — E L . A similar equality holds true for the curvature. Combining all 
these facts we see that for a metric connection 

ch(V s ) e n R (LX) . 

2.1.9 Using the methods of [[TXLG04H or [FHT07|| one can define complex i^-theory for 
local quotient stacks. Let us explain, for example, the idea of |FHT07|| . It is based on 



the notion of a universal bundle of separable Hilbert spaces H — > X. Here universality 
is the property that for every other bundle of separable Hilbert spaces H\ — > X we have 
an isomorphism H © Hi = H . Let Fred(H) — > X be the associated bundle of Fredholm 
operators. Then one defines K~*(X) as the homotopy group tt*(F(X, Fred(H))) of the 
space of sections of Fred(iJ) — > X. One can also directly define the group K~ X (X) as the 
group 7To(Fred*(if )) of sections of selfadjoint Fredholm operators with infinite positive 
and negative spectrum. 

For the present paper this set-up is too general since we want to do local index theory. In 
our case we want to represent i^-theory classes by indices of families of Dirac operators, 
or in the optimal case, by vector bundles. For presentable orbifolds a construction of 
.fT-theory in terms of vector bundles has been given in ||AR03|| . Let X be an orbifold 



and consider a presentation [M/G] = X. Then the category of vector bundles over X 
is equivalent to the category of G-equivariant vector bundles over M. The Grothendieck 
group of the latter is K%{M), and we have K°(X) = K%{M). The isomorphism K(X) = 
Kq(M) can be taken as a definition since independence of the presentation follows e.g. 
from P507 |. 



2.2 Cycles 

2.2.1 In this paper we construct the differential i^-theory of compact presentable orb- 
ifolds. 

The restrition to compact orbifolds is due to the fact that we work with absolute K-groups. 
One could in fact modify the constructions in order to produce compactly supported differ- 
ential i^-theory or relative differential .fT-theory. But in the present paper, for simplicity, 
we will not discuss relative differential cohomology theories. 
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We restrict our attention to presentable orbifolds since we want to use equivariant tech- 
niques. We do not know if our approach extends to general compact orbifolds, see |2.3.2 . 

2.2.2 We define the differential i^-theory K{B) as the group completion of a quotient 
of a semigroup of isomorphism classes of cycles by an equivalence relation. We start with 
the description of cycles. 

Definition 2.4 Let B be a compact presentable orbifold, possibly with boundary. A cycle 
for a differential K-theory class over B is a pair (S,p), where £ is a geometric family, 
and p G Q(LB)/im(d) is a class of differential forms. 

2.2.3 In the smooth case the notion of a geometric family has been introduced in pun | 
in order to have a short name for the data needed to define a Bismut super-connection 

BGV04| , Prop. 10.15]. In the present paper we need the straightforward generalization 
of this notion to orbifolds. Let B be an orbifold. 

Definition 2.5 A geometric family over B consists of the following data: 

1. a proper representable submersion with closed fibres ir: E — > B, 

2. a vertical Riemannian metric g TVn , i.e. a metric on the vertical bundle T v tt C TE, 
defined as T v n := ker(c?7r: TE — > tt*TB). 

3. a horizontal distribution T it, i.e. a bundle T h n C TE such that T h 7r © T v tt = TE. 
4- a family of Dirac bundles V — > E, 

5. an orientation ofT v ir. 
Here, a family of Dirac bundles consists of 

1. a hermitean vector bundle with connection (V, V v , h v ) on E, 

2. a Clifford multiplication c: T v ir ® V — > V, 

3. on the components where dim(T v ir) has even dimension a Z/2Z-grading z. 

We require that the restrictions of the family of Dirac bundles to the fibres E^ := 7r _1 (6), 
b G B, give Dirac bundles in the usual sense as in ||Bun| , Def. 3.1]: 

1. The vertical metric induces the Riemannian structure on Eb, 

2. The Clifford multiplication turns V\E b into a Clifford module (see ||BGV04j , Def.3.32]) 
which is graded if dim(^) is even. 

3. The restriction of the connection V y to Eb is a Clifford connection (see |BGV04| , 
Def.3.39]). 
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The condition that the projection E — » B is representable in particular implies that the 
fibres E b are smooth manifolds. If /: A — > B is an orbifold atlas, then we can form an 
etale groupoid Ax b A ^ A which represents the stack B. The pull-back of the geometric 
family along / is a geometric family in the non-singular setting which in addition carries 
an action of the groupoid. In the other direction, an equivariant geometric family over 
this groupoid determines uniquely a geometric family over the stack B. 
Let [M/ G] = B be a presentation and £ be a geometric family over B. Then Mx bE — > M 
is the underlying bundle of a G-equivariant geometric family M x#£ over M. Vice versa, 
a G-equivariant geometric family F over M induces a geometric family S := [-^/G] over 
B. If F — y M is the underlying G-equivariant bundle, then the underlying bundle of S is 
the map of quotient stacks [F/G] [M/G] = 5. 

A geometric family is called even or odd, if T v ir is even- dimensional or odd-dimensional, 
respectively. 

2.2.4 Let £ be an even geometric family over B. It gives rise to a bundle of graded 
separable Hilbert spaces Hi — > B with fibre H lb = L 2 (E b , V\E b ). We furthermore have an 
associated family of Dirac operators which gives rise to a section Fx := D + (D 2 + G 
Fred(iJ 1 f , H x ~). Let — > B be the universal Hilbert space bundle as in [2.1.9| . We choose 



isomorphisms Hf @ H = H. Extending F by the identity we get a section F £ Fred(-ff). 
Its homotopy class represents the index 

index(£) e K°(B) 

of the geometric family. 

Alternatively we can use a presentation [M/G] = B. Then M x b £ is a G-equivariant 
geometric family over M. The index of the associated equivariant family of Dirac operators 
index(Mx7v^) G Kq(M) represents index(£) G K°(B) under the isomorphism K°(B) = 
K° G (M). 

The index of an odd geometric family can be understood in a similar manner. 

2.2.5 Here is a simple example of a geometric family with zero-dimensional fibres. Let 

7r: V — > B be a complex Z/2Z-graded vector bundle. Note that the projection of a vector 

bundle ir is by definition representable so that the fibres V b for b G B are complex vector 

spaces. 

Assume that V comes with a hermitean metric h v and a hermitean connection which 
are compatible with the Z/2Z-grading. The geometric bundle (V, h v , V v ) will usually be 
denoted by V. 

Using a presentation of B it is easy to construct a metric and a connection on a given 
vector bundle V — >■ B. Indeed, let [M/G] = B be a presentation. Then M x B V ^ V 
is a G-equivariant vector bundle over M. We now can choose some metric or connection 
(by glueing local choices using a partition of unity). Then we can avarage these choices 
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in order to get G-equivariant structures. These induce corresponding structures on the 
quotient V = [M x B V/G}. 

Alternatively one could use an orbifold atlas A — > B and choose a metric or connection on 
the bundle A V — > V . Again we can average these objects with respect to the action of 
the groupoid A x B A =$ A in order to get equivariant geometric structures. These induce 
corresponding structures on V — > B. 

We consider the submersion 7r := id#: B — )■ B. In this case the vertical bundle is the 
zero-dimensional bundle which has a canonical vertical Riemannian metric g TVn := 0, and 
for the horizontal bundle we must take T h ti := TB. Furthermore, there is a canonical 
orientation of p. The geometric bundle V can naturally be interpreted as a family of 
Dirac bundles on B — > B. In this way V gives rise to a geometric family over B which 
we will usually denote by V. 

This construction shows that we can realize every class in K°(B) for a presentable B 
as the index of a geometric family. Indeed, let x G K°(B). We choose a presentation 
B ^ [M/G] so that K°(B) = K%{M). There exists a G-equivariant Z/2Z-graded vector 
bundle W —> M which represents the image of x in Kq(M). Let V := [W/Gr] — > B be the 
induced vector bundle over B and V be the associated geometric family. Then we have 
index(V) = x. 

2.2.6 In order to define a representative of the negative of the differential i^-theory class 
represented by a cycle {£ , p) we introduce the notion of the opposite geometric family. 

Definition 2.6 The opposite £ op of a geometric family £ is obtained by reversing the 
signs of the Clifford multiplication and the grading (in the even case) of the underlying 
family of Clifford bundles, and of the orientation of the vertical bundle. 

2.2.1 Our differential i^-theory groups will be Z/2Z-graded. On the level of cycles the 
grading is reflected by the notions of even and odd cycles. 

Definition 2.7 A cycle (£,p) is called even (or odd, resp.), if £ is even (or odd, resp.) 
and p e n odd (LB)/im(d) (or p e Q ev (LB)/im(d), resp.). 

2.2.8 Let £ and £' be two geometric families over B. An isomorphism £ ^> £' consists 
of the following data: 



V 



F 



V 



E 



E' 




B 



where 
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\. f is a diffeomorphism over B, 

2. F is a bundle isomorphism over /, 

3. / preserves the horizontal distribution, the vertical metric and the orientation. 

4. F preserves the connection, Clifford multiplication and the grading. 

Compared with the non-singular case the new ingredient is the two-isomorphism filling 
the triangle which is part of the data. 

Definition 2.8 Two cycles (S,p) and (S',p') are called isomorphic if £ and £' are iso- 
morphic and p = p' . We let G*(B) denote the set of isomorphism classes of cycles over 
B of parity * e {ev,odd}. 

2.2.9 Given two geometric families £ and £' we can form their sum £ Ub £' over B. The 
underlying proper submersion with closed fibres of the sum is n U it' : EYAE'^-B. The 
remaining structures of £ Ub £' are induced in the obvious way. 

Definition 2.9 The sum of two cycles (£,p) and (£',p') is defined by 

(£,p) + (£',p') :=(£Ub£\p + P ') . 

The sum of cycles induces on G*(B) the structure of a graded abelian semigroup. The 
identity element of G*(B) is the cycle := (0, 0), where is the empty geometric family. 



2.3 Relations 

2.3.1 In this subsection we introduce an equivalence relation ~ on G*(B). We show that 
it is compatible with the semigroup structure so that we get a semigroup G*(B)/ ~. We 
then define the differential i^-theory K*(B) as the group completion of this quotient. 

In order to define ~ we first introduce a simpler relation "paired" which has a nice local 
index-theoretic meaning. The relation ~ will be the equivalence relation generated by 
"paired" . 

2.3.2 The main ingredients of our definition of "paired" are the notions of a taming of a 
geometric family £ introduced in [ Bun , Def. 4.4], and the ?7-form of a tamed family [[Bun, 



Def. 4.16]. 

In this paragraph we shortly review the notion of a taming and the construction of the 
eta forms. In the present paper we will use //-forms as a black box with a few important 
properties which we explicitly state at the appropriate places below. 
If £ is a geometric family over B, then we can form a family of Hilbert spaces H(S) — > B 
with fibre := L 2 (Eb, VWJ. If £ is even, then this family is in addition Z/2Z-graded. 
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A pretaming of £ is a smooth section Q G T(B, B(H(S))) such that Qb G B(Hb) is 

selfadjoint given by a smooth integral kernel Q G C°°(E x b E,V ^ V*). In the even 

case we assume in addition that Qb is odd, i.e. that it anticommutes with the grading z. 

The geometric family S gives rise to a family of Dirac operators D(S), where D(Sb) is an 

unbounded selfadjoint operator on Hb, which is odd in the even case. 

The pretaming is called a taming if D(Sb) + Qb is invertible for all b G B. 

The family of Dirac operators D(S) has a i^-theoretic index which we denote by 

index(£) G K(B) . 

Let B = [M/ G] be a presentation. The pull-back of the geometric family along / : M — > B 
gives a G-equivariant family f*S over M. The equivariant family of Dirac operators 
D(f*S) has an index indexc(f*S) G Kq(M) which corresponds to index(£) under the 
isomorhism K G (M) = K(B). 

If the geometric family £ admits a taming, then the associated family of Dirac operators 
admits an invertible compact perturbation, and hence index(£) = 0. In the non-singular 
case the converse is also true. If index(£) = and S is not purely zero-dimensional then 
S admits a taming. The argument is as follows. The bundle of Hilbert spaces H(S) — > B 
is universal. If index(£) = then the section of unbounded Fredholm operators D(8 ) 
admits an invertible compact perturbation D(S) + Q. We can approximate Q in norm by 
pretamings. A sufficiently good approximation of Q by a pretaming is a taming. 
In the orbifold case the situation is more complicated. In general, the bundle H(S) — > B 
is not universal. Therefore we may have to stabilize. It is at this point that we use the 
assumption that the orbifold is presentable. 

Lemma 2.10 7/index(£) = 0, then there exists a geometric family Q (of the same parity 
of 8) such that £ Ub Q Q° v has a taming. 

Proof. We first consider the even case. Let [M/ G] = B be a presentation and J 7 := M XbS 
be the corresponding equivariant geometric family. Let H + be a universal G-Hilbert space, 
i.e. a G-Hilbert space isomorphic to I 2 <S> L 2 {G). We consider the Z/2Z-graded space 
H := H + © UH + , where for a Z/2Z-graded vector space U the symbol UU denotes the 
same underlying vector space equipped with the opposite grading. The sum H(J r )®HxM 
is now a universal equivariant Hilbert space bundle. Since index(£) = 0, the extension 
-D(^ r ) © 1 of Di^J 7 ) to Hi^J 7 ) ®H x M has an equivariant compact selfadjoint odd invertible 
perturbation -D(J r ) ffi 1 + Q. 

In the next step we cut down H to a finite-dimensional subspace. Let (P^) be a sequence 
of invariant projections on H + such that n ^°°> id#+ strongly. These exist because G 
is compact and so L 2 (G) is a sum of finite dimensional irreducible representations. We 
set P n := © on H = H + © YiH + . Using compactness of M, for sufficiently large 
n the operator (1 © P„)((Z)(J : ') © 1) + Q)(l © P n ) is invertible on im(l © P n ). Hence we 
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have found a finite-dimensional G-representation V := P n H of the form V = V + © UV + 
such that the perturbation D^J 7 ) © 1 + Q of D^J 7 ) © by the equivariant compact odd 
selfadjoint Q := 1 © P n + (1 © P n )Q(l © P n ) is invertible on H(F) © V x M. Finally wc 
approximate Q by a family Q represented by a smooth integral kernel, where we think 
of V x M as a bundle over an additional one-point component of the fibers of the new 
family, see below. 

Denote by V + the equivariant zero- dimensional geometric family based on the trivial 
bundle M x V — > M. Then we set Q := [V + /G]. The operator Q constructed above 
provides the taming of £ Ub Q Ub Q° v ■ 

In the odd-dimensional case we argue as follows. We again choose a presentation [M/ G] = 
B and form T := M x B £ as above. In this case we let H := H + be an ungraded universal 
G-Hilbert space. 

Since index(£) = the extension D(T) © 1 of D(F) to H(F) © H x M admits an 
equivariant compact selfadjoint invertible perturbation D^J 7 ) © 1 + Q. We can again find 
a finite-dimensional projection P n on H such that (1 © P„)(D(J r ) © 1 + Q)(l ffi P n ) is still 
invertible. We get the invertible operator D^F) © 1 + Q on H(£) © V with V := P n H x M 
and Q := 1 © P n + (1 © © -Pn)- We again approximate Q by an operator Q with 

smooth kernel. 

We now choose an odd geometric family X over a point such that dim ker = 1 and 
form the G-equivariant family y := p* X © V, where p: M — > *. The kernel of -D(3^) is 
isomorphic to M x V. Using this identification we can define Q on H(F) © ker(£)(3^)). 
Its extension by zero on H(F) © H(y) = H^J 7 Um y) is a taming of T Um 3^- 
Let i? be the projection onto ker(D(3 7 )). The operator D(y) + R is invertible so that we 
can consider R as a taming of y op . All together, Q@R defines a taming of J r U M yu M y op . 
We now let Q := [y/G] and get a taming of £ U B Q U B Q op . □ 



Definition 2.11 A geometric family £ together with a taming will be denoted by £ t and 
called a tamed geometric family. 

Let £ t be a taming of the geometric family £ by the family (Qb)beB- 

Definition 2.12 The opposite tamed family £° p is given by the taming —Q G T(B, B(H(£))) 
of£ op . 

Note that the bundle of Hilbert spaces H{£ ) — > B and H(£ op ) — > B associated to £ and 
£ op are canonically isomorphic (up to reversing the grading in the even case) so that this 
formula makes sense. 
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2.3.3 The local index form Vt{£) G Q(LB) is a closed differential form canonically ass- 
ciated to a geometric family. It represents the Chern character of the index of £. Let 
At(£) denote the family of rescaled Bismut superconnections on H(£) — >■ B. We define 
H{£)l —> LB as the pull-back 

H{£) L >H{E) . 

LB ^B 



Let A t (£)L denote the pull-back of the superconnection. As explained in 2.1.5 the bundle 
H(£)l comes with a canonical automorphism pu(s) L - For t > the form 

Q(£) t := <pTr sPH(£)L e- A <^ G n R (LB) 

is real by the argument given in |2.1.7| , closed, and represents ch(index(£)) G HdR,deioc(B) . 
Here ip is a normalization operator. It acts on Q(LB) and is defined by 

/ (l^) d0g/2 even case 
\ ^h)^ odd case 

The methods of local index theory show that fl(£)t has a limit as t — > oo. 

Definition 2.13 We define the local index form Q(£) G Q^(LB) of the geometric family 
£ over B as the limit 

Q(£) := lim t ^ n(£) t . 
It is clear from the construction that 
Theorem 2.14 

ch di? (index(£)) = [Q(£)} G H dR4eloc {B) . 

In the following we give a differential geometric description of Q(£). The automorphism 
Ph{£) l comes from the canonical automorphism pz of the pull-back £l ■= LB x B £. 
The usual finite-progagation speed estimates show that as t tends to zero the supertrace 
Tr s p H ( £ j L e~ A t^ L localizes at the fixed points of p£. 

Let 7r: E — > B be the underlying fibre bundle of £, and let V — > E be the Dirac bundle. 
If we apply the loops functor to the projection tx we get a diagram 

LE >■ E ■ 

Ln 

LB ^B 
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The fibre bundle LE — > LB is exactly the bundle of fixed points of ps. Therefore the 
local index form is given as an integral 



Q(S) = / I(£) 

J LE/LB 

for some I(S) G Q^(LE). Let U be a tubular neighbourhood of the map i: LE — > E. 
We let V L := LE x E V LE be the pull-back ofV-+E. Similarly, we let T v 7t L ->■ LE 
be the pull-back of the vertical bundle T v tt — > E. Both bundles come with canonical 
automorphisms (see |2.1.5| ) 



p T v WL : T v n L T"'7r L , py L : V L -»• Vl . 
The automorphism preserves the orthogonal decomposition 

T v n L ^ T^Lvr © TV , 

where T v Ltt = ker(dL7i) = ker(l — Pt v -k l )- We let p N denote the restriction of Pt v tt l to 
the normal bundle. 
Then we have 

lim t ^ Tr s p H{s)L e^ £)L = lim t ^ / / tx s p VL K A 2 (e) ((x, p N n), (x,n)) , 

J LE/LB JU/LE 

where tr s the the local super-trace of the integral kernel K _ A 2 (£) ((x,n), (x',n')) of e~ A '^^ L , 
x G LE, and n G W x . The form I(S) is thus given by 

I{S)(x) = lim^o / tr s pv L K A 2 (£) ((x,p N n),(x,n)) . 

JU/LE 

In the following we describe this form I(S) in local geometric terms. 
The vertical metric T v n and the horizontal distribution T h n together induce a connection 
V^ 71 " on T v it (see |3.1.2| for more details). Locally on E we can assume that T v ir has a spin 
structure. We let S(T v n) be the associated spinor bundle. Then we can write the family of 
Dirac bundles V as V = S(T v tt) <g> W for a twisting bundle W = (W, h w , V w , z w ), where 
W := Hom cliff (j' t . 7r )(S'(T l '7r), V) with induced geometric structures. Since py L commutes 
with the action of Cliff (T v 7Tl) this automorphism has values in 

Cliff (JV) ® End{W) L C Clif f (T\ L ) ® End(W) L ^ End(Vb) • 

Therefore we can choose a decomposition py L = py L <g> p w (or better as a sum of such 
terms, but we will omit this additional summation for simplification). We use p w in order 
to define 

ch p w(W):=Ti.p w e-™ RW . 
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Let a: Cliff (N) ->■ A*N be the symbol map and T N : A*iV ->■ R be the Beresin integral 
with respect to the canonical orientation of N. With these building blocks we can write 
out the form / as 

T(P\ — n ( _\dim(T"L7r)/2 

T N (a(pl))A(T^L7r)ch pW (W) 
1 j_Cdim(E/B)l 47r j det 1 /2(i_ p ^i) de t 1 /2 ( i_ /0 iv exp( _ jR A f/2)) > W 



where p^' 1 is the inverse of p N and 



-2i) n ' 2 



n is even 
(— 2%y^~ n is odd 

This form is independent of choices. The explicit form of the local index density will not 
be needed in rest of the present paper. 

2.3.4 Let S t be a tamed geometric family (see Definition |2.11| ) over B. The taming is 
used to modify the Bismut superconnection A T (S) for r > 1 in order to make the zero 
form degree part invertible. For r > 2 we have A T (S t ) = A T (S) + tQ, for r G (0, 1) we 
have A T (St) = A T (S), and on the interval r G (1,2) we interpolate smoothly between 
these two families. The taming has the effect that the integral kernel of e~ Ar ^ 2 vanishes 
exponentially for r — > 00 in the C°°-sense. The ?7-form rj(S t ) G Q^(LB) is defined by 



POO 

/ Tr sP£ d T A T (St) L e- A ^dr , (4) 
Jo 



where ip again acts on fl(LB) and is defined by 



{Itti) 2 even case 
^§(27u)- deg / 2 odd case 



Note the even and odd refers to the dimension of the fibre. The corresponding 77-form has 
the opposite parity. 

Convergence at r — > 00 is due to the taming. The convergence at r — > follows from 
the standard equivariant local index theory for the Bismut super-connection. The same 
methods imply 

drj(S t ) = n(S) . (5) 
2.3.5 Now we can introduce the relations "paired" and ~. 

Definition 2.15 We call two cycles (S,p) and (S',p') paired if there exists a taming 
(S U B S' op ) t such that 

p - p' = rj((S U B S'^)t) . 
We let ~ denote the equivalence relation generated by the relation "paired". 
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Lemma 2.16 The relation "paired" is symmetric and reflexive. 



Proof. We can copy the argument of the corresponding Lemma in [BS07 



□ 



Lemma 2.17 The relations "paired" and ~ are compatible with the semigroup structure 
on G*(B). 



Proof. We can copy the argument of the corresponding Lemma in [ BS07 |. 



□ 



Lemma 2.18 If (So, po) ~ (S\,pi), then there exists a cycle (S',p') such that (So, po) + 
(S',p') is paired with (S±, pi) + (S',p'). 



Proof. We can copy the argument of the corresponding Lemma in ||13S07| . 



□ 



2.4 Differential orbifold i^-theory 

2.4-1 In this Subsection we define the assignment B — > K(B) from compact presentable 
orbifolds to Z/2Z-graded abelian groups. Recall Definition E7D] of the semigroup of iso- 



morphism classes of cycles. By Lemma |2.17| we can form the semigroup G*(B)/ 



Definition 2.19 We define the differential K -theory K*(B) of B to be the group com- 
pletion of the abelian semigroup G*(B)/ ~. 

If (S,p) is a cycle, then let [S,p] G K*(B) denote the corresponding class in differential 
.ff -theory. 

We now collect some simple facts which are helpful for computations in K(B) on the level 
of cycles. 

Lemma 2.20 We have [S,p] + [S op , -p] = 0. 



Proof. We can copy the argument of the corresponding Lemma in [p3 S 7|1 . □ 



Lemma 2.21 Every element of K*(B) can be represented in the form [S,p\. 
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Proof. We can copy the argument of the corresponding Lemma in [B507 



□ 



Lemma 2.22 If [£ , p ] = [Si,pi], then there exists a cycle (£',p') such that (£ , Po) + 
(£' ', p') is paired with p x ) + (S',p'). 



Proof. We can copy the argument of the corresponding Lemma in [[BSD? 



□ 



2.4-2 In this paragraph we extend B i— >■ K*(B) to a contravariant functor from compact 
orbifolds to Z/2Z-graded groups. Let / : B\ — > B 2 be a morphisms of orbifolds. Then we 
define 

/*: K*(B 2 ) -> k*(B!) 

by 

f*[£,p} := [f*£,Lf*p} , 

where f*£ = B\ x B2 £ and Lf : LB\ — > LB 2 is obtained from / by an application of the 
loops functor. For the details of the construction of the pull-back of geometric families 
we refer to PS07|| . It is easy to check that the construction is well-defined and additive. 



At this point we use in particular the relation 

virst) = f*v(£t) ■ (6) 

If g: B Q — y B\ is the second morphisms of compact presentable orbifolds, then we have 
the relation 

f*og* = (fo g y:K(B 2 )^k(B ). 

2.5 Natural transformations and exact sequences 

2.5.1 In this subsection we introduce the transformations R, I, a, and we show that they 
turn the functor K into a differential extension of (K, chc) in the sense of the natural 



generalization of the definition ||BS07| , Def. 1.1] to the orbifold case. 



2.5.2 We first define the natural transformation 

I: K(B) ->■ K(B) 

by 

I[£, p] := index(£) . 

The proof that this is well-defined can be copied from |[BS07 1. The relation index(/*^) 



f*index(£) shows that J is a natural transformation of functors from presentable compact 
orbifolds to Z/2Z-graded abelian groups. 
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We consider the functor B h-» Q*(LB) / im(d), * £ {ev, odd} as a functor from orbifolds to 
Z/2Z-graded abelian groups. We construct a parity- reversing natural transformation 



a: Q*(LB)/im{d) K*{B) 

by 

a(p) := [0, -p] . 

Let f2^ =0 (L.B) be the group of closed forms of parity * on B. Again we consider B i— > 
VL* d=0 (LB) as a functor from orbifolds to Z/2Z-graded abelian groups. We define a natural 
transformation 

R: K{B) ^n d=0 (LB) 

by 

R([£,p]) = Q{S)-dp . 

The map R is well-defined by the same argument as in | |BS07| |. It follows from Q(f*£) = 
f*Q(S) that R is a natural transformation. 

2.5.3 The natural transformations satisfy the following relations: 
Lemma 2.23 1. Roa = d 

2. ch dR o / = [...] o R. 
Proof. The first relation is an immediate consequence of the definition of R and a. The 



second relation is the local index Theorem 12.141. □ 



2.5.4 Via the embedding H de i oc (B) = H(LB) C il(LB)/im(d), the Chern character 
chdf> : K{B) — > Hdeioc{B) can be considered as a natural transformation 

ch dR : K(B) Q(LB)/im(d) . 



Proposition 2.24 The following sequence is exact: 

K(B) ci T n(LB)/im(d) A K{B) 4 K{B) 

Proof. 
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2.5.5 We start with the surjectivity of /: K{B) — > K(B). The main point is the fact 
that every element x G K(B) can be realized as the index of a geometric family over B. 
Here we use again that the orbifold is presentable. Let [M/G] = B be a presentation. 
Given a class in K(B) let x G Kg(M) be the corresponding class under the isomorphism 
K(B) = Kg(M). It suffices to show that x can be realized as the index of a G-equivariant 
geometric family £ over M. We first consider the even case. Then x can be represented 



by a Z/2Z-graded G- vector bundle V — > M. As in |2.2.5| we construct a G-equivariant 
geometric family with zero- dimensional fibre V — > M such that index(V) = x. 
In the odd case we let y G Kq^S 1 x M, {1} x M) be the the class corresponding to x 
under the suspension isomorphism K^S 1 x M, {1} x M) = K G (M). As above we can 
find an equivariant geometric family V over S 1 x M such that index(V) G KqIS 1 x M) is 
the image of y under K^S 1 x M, {1} x M) -¥ K^S 1 x M). Using the standard metric 
on S 1 and the canonical horizontal bundle TM C T(S X x M) for p: 5 1 x M — > M we can 
define a G-equivariant geometric family p\(V) over M such that index(piV) = x. 
2.5.6 Next we show exactness at K(B). For p G f2(Li?)/ini(Gf) we have / o a(p) = 
J([0, — p]) = index(0) = 0, hence I oa = 0. Consider a class [£,p] G K(B) which satisfies 



/([£, p]) = 0. Using Lemma |2.10| and Lemma |2.20| we can replace £ by £ (£ Ug £ op ) 
for some geometric family £ without changing the differential i^-theory class such that 
£ admits a taming £ t . Therefore, (£,p) is paired with (0,p — r](£ t )). It follows that 
[£,p] = a{r)(£ t ) - p). 

2.5.7 In order to prepare the proof of exactness at Q(LB)/im(d) we need some facts 
about the classification of tamings of a geometric family £. As in [jBS07 ] we introduce the 



notion of boundary taming and will use an index theorem for boundary tamed families 
in order to compare tamings. Let J 7 be a geometric family with boundary £ over B 
and £ t be a taming. Then we have a boundary tamed family J-^ and can consider 
index(JSi) G K(B). 

Theorem 2.25 In HdR,deioc{B) we have the following equality: 

ch dR ( index (J^)) = MJ 7 ) + V(£t)] ■ 



Proof. We can repeat the proof given in Pun|| . The only modifications are 



1. We consider the pull-back of (J 7 , £ t ) to LB which comes with canonical automor- 
phisms (pr,pe t ). 

2. We replace Tr s ... by Tr s pjr or Tr s p £t , respectively. 

3. The small time analysis of this trace takes the localization of the heat kernel at the 
fibrewise fixed points of the canonical automorphisms into account. 
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In view of this theorem we can argue as in [ B507 | that if £t and £[ are two tamings of a 
geometric family, then the difference of the associated 77-forms is closed and we have 



[7}(S t ) - v(£'t)} e ch dR (K(B)) C H dRydeloc (B) . 

We now show exactness at 0(LB)/im(d). Let p G 0(LB)/im(d) be such that a(p) = 
[0, —p] = 0. Then by Lemma [2.22| there exists a cycle (8, p) such that (8, p — p) pairs 
with (8,p). Using Lemma |2.17| we can add a copy S op and see that (8,p — p) is paired 



with (0,p), where £ = £ U R 8 op . The taming which induces this relation will be denoted 
by £[. We have r](£[) = —p. Because of the odd Z/2Z-symmetry the family £ admits 
another taming £ t with vanishing ?7-form. Therefore 

p = [r)(£ t )} G ch dR (K(B)) . 

2.5.8 It remains to show that for x G K(B) we have a o ch dR (x) = 0. Note that 
a o ch dR (x) = [0, —ch dR (x)]. The proof is accomplished by showing that there exists a 
geometric family £ = £U R £ op which admits tamings £ t and £[ such that rj(£' t ) — r](£ t ) = 
chd R (x). More precisely, we will get index((£ x I)& t ) = x, where the boundary taming 
(£ x I) bt is induced by £ t and £[ and then use Theorem |2.25 . 



To this end we modify the corresponding argument given in [ |BS07| |. To be specific, let 
us consider the even case. First of all, using a presentation B = [M/G], we will actually 
consider the equivariant problem. Let if be a universal G-Hilbert space. Then the G- 
space GL\(H) has the homotopy type of the classifying space of Kq. Let x G Kq(M) 
be represented by an equivariant map x: M — > GL\(H). If (P n ) is a strong equivariant 
approximation of the identity of H then, for sufficiently large n, the G-map 

(1 - P n ) + P n xP n : M^GL^H) 

is G-homotopic to x. Let V be the equivariant geometric family on M constructed from 
the Z/2Z-graded G- vector bundle V := im(P n ) x M. The matrices 

P n x*P n \ / id v 



Q := n n , Q' : 

V V PnXPn J ^ V ^ y 

represent tamings of £ := V U M V op . We use Q and Q' at £ x {0} and £ x {1} in order to 
define (£ x J)& t . As in [ BS07H we can now show that index((£ x = ^- Because of the 



product structure we have 0.(8 x I) = 0, so that by Theorem |2.25| ch^(x) = r](£' t )—r](£t). 
The odd case is similar. □ 
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2.5.9 We define a real structure Q on K{B) by Q([£,p\) := [£,Q(p)], where Q(p) 



I*(p) is as in 2.1.7 . Since the local index forms and eta forms are real, Q is well-defined. 
We define the real subfunctor 

K R (B) := {x G K(B) | Q(x) = x} . 

By restriction we get natural transformations 

R: K R (B) n R (LB) , a: fi£(L£)/im(d) K R (B) 

so that 



K(B) C H R Sl R (LB)/im(d) A £ H (fl) -4 K(B) 



is exact. 



2.6 Calculations for [*/G] 

2.6.1 Let G be a finite group. We consider the orbifold [*/G\. Note that K%{[*/G\) = 
Kq(*) = R(G) as rings, where R(G) denotes the representation ring of G. Moreover, 
K h(i*/ G }) ~ °- We have L[*/G] = [G/G], where G acts on itself by conjugation. There- 
fore 

Q(L[*/G]) = C[G] G = H dR4eloc ([*/G}) 
is the ring of conjugaton invariant functions. The Chern character fits into the diagram 

K°([*/G})^H* dR4eloc ([*/G}) . 



R(G) 



Tr 



C[G] 



G 



Lemma 2.26 We have 



k*([*/G}) 



R(G) 



* = 



C[G] G /R(G) * = 1 



Proof. We use the exact sequence given by Proposition 2.24 



Note that Tr: R(G) ®z C —> C[G] G is an isomorphism so that 

C[G] G /R(G) = R(G) ® z T . 
It restricts to an isomorphism R(G) R := R(G) Q R (L[*/G]) C C[G] G . 

Corollary 2.27 We have 



R(G) * = 

R(G) R /R(G) R(G) ® z R/Z * = 1 



□ 
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3 Push-forward and U-product 



3.1 Equivariant A'-orientation 

3.1.1 The notion of a Spm c (n)-reduction of an S'0(n)-principal bundle extends directly 
from the smooth case to the orbifold case using the appropriate notions of principal 
bundles in the realm of stacks. 

Let p: W — > B be a proper submersion between orbifolds with vertical bundle T v p. We 
assume that T v p is oriented. A choice of a vertical metric g TVp gives an S'O-reduction 
SO(T v p) of the frame bundle Fr(T v p), the bundle of oriented orthonormal frames. 
A map between smooth manifolds is called i^-oriented if its stable normal bundle is 
equipped with a i^-theory Thorn class. It is a well-known fact |[ABS64|| that this is 
equivalent to the choice of a Spm c -structure on the stable normal bundle. Finally, iso- 
morphism classes of choices of Sj>m c -structures on T v p and the stable normal bundle of 
p are in bijective correspondence. 

In the equivariant situation this is more complicated. For the purpose of the present 
paper we will work with vertical structures along the morphisms p: W — >■ B. A Spin c - 
reduction of an SO (n)-principal bundle P — >■ E over some stack E is a pair (Q, 0), where 
Q — > E is a Spm c (ri)-principal bundle and <fi: Q ^<spin c {n) SO(n) — > P is an isomorphism 
of 5'0(n)-principal bundles. Note that this includes a choice for the fibre product and a 
two-isomorphism filling the corresponding triangle. 

Definition 3.1 A topological K -orientation of a morphism between orbifolds p: W — > B 
is a Spin -reduction of SO(T v p). 

3.1.2 If we choose a horizontal distribution T h p, then we get a connection V T " P which 
restricts to the Levi-Civita connection along the fibres. The connection V T " P can be 
considered as an 5'0(n)-principal bundle connection on the frame bundle SO(T v p). Given 
a topological i^-orientation of p 

Q * — ^SO(T v p) 




W 



we can choose a Spin c -r eduction V of V T " P , i.e. a connection on the Spm c -principal 
bundle Q which reduces to V TVp . If we think of the connections V T " P and V in terms 
of horizontal distributions T h SO(T v p) and T h Q, then we say that V reduces to V T " P if 
d(j)(T b Q) = <f)*(T h SO(T v p)) C (f)*(TSO(T v p)). Observe, that in contrast to the Spin-case 
V is not unique. 
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3.1.3 The iSpin c -reduction of Fr(T v p) determines a spinor bundle S c (T v p), and the 
choice of V turns S c (T v p) into a family of Dirac bundles. 

In this way the choices of the >Spin c -structure and (g TVp ,T h p,'V) turn p:W^-B into a 
geometric family W. We define the closed form 

A£(V) := 7(W) G ft R (W) . (7) 

Its cohomology class will be denoted by A p (LW) G H(LW). 

3.1.4 Though we will not need the explicit formula let us for completeness specialize 
formula (|3]) to the family W. 

Locally on W we can choose a (Spin-structure on T v p with associated spinor bundle 
S(T v p). Then we can write S c (T v p) = S(T v p) C*D L for a hermitean line bundle L with 
connection. The spin structure is given by a Spin-reduction q: R — > SO{T v p) which 
can actually be considered as a subbundle of Q. Since q is a double covering and thus 
has discrete fibres, the connection V T " P (in contrast to the Spin c -ca,se) has a unique lift 
to a Spin (n)-connection on R. The spinor bundle S(T v p) is associated to R and has 
an induced connection. The square of the locally defined line bundle L is the globally 
defined bundle L 2 — >■ W associated to the 5pin c -bundle Q via the canonical representation 
A: Spin c (n) — > U(l). The connection V thus induces a connection on V 1,2 , and hence 
a connection on the locally defined square root L. Note that vice versa, V l2 and V T " P 
determine V uniquely. 

3.1.5 Let L\ y LW be the pullback under the canonical map LW —> W, and let p L 2 
denote the corresponding automorphism of L\ (see |2.1.5|) . Since L 2 is a line bundle, it 



acts as multiplication by a complex number which we will denote by the same symbol. 
We introduce the form 

Cl (V) := -R L l (8) 

which would be the (unnormalized) Chern form of the bundle in case of a global 
Spin-structure. 

We actually must lift the automorphism p L 2 to the bundle Ll, i.e. we must choose a 
square root pi L . Once we have fixed this root we get an induced element 

p N G End(S(T 1 V)) = Cliff (iV) . 

If T(cr(p N )) denotes the Beresin integral, then the combination 

PL L T(a(p N )) 

is independent of the choices. 

The pull-back T v pi — > LW of the vertical bundle has a decomposition T v pi = T V LP®N 
such that Pt v Pl = ^t v lp © P N which is preserved by p , i.e. p = V T " ip © V N . We 
consider the induced action of p N on the spinor module S(N). 
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Let i? v P G tt 2 (W, End(T v Lp)) denote the curvature of V T " Lp and form 

A(V TVLp ) := det 1 / 2 



sinh 



Lemma 3.2 In this context, the relevant differential form (^) for local index theory 



is 



A p(V) - c dim(LW/LB) { — ) — — — — — — ^r- G il{LW) . 

47r det 1 / 2 (l - p iV - 1 )det 1 / 2 (l - p N e~* R ) 

3.1.6 The dependence of the form A C (V) on the data is described in terms of the trans- 
gression form. Let (gj p , T^p, Vj), i — 0, 1, be two choices of geometric data. Then we 
can choose geometric data (g TVp , T h p, V) on p = id[o,i] xp: [0, 1] x W — > [0, 1] x B (with 
the induced Spm c -structure on T v p) which restricts to (gj p ,T^p,Vi) on {i} x B. The 
class 



A^(V 1; V ) := / A£(V) G Q R (LW)/±m(d) 

J[0,l]xLW/LW 

is independent of the extension and satisfies 

dA«(Vi,v ) = A«(Vi)-A«(Vo) • (9) 

Definition 3.3 TTie /orm A^(Vi, Vo) called the transgression form. 
Note that we have the identity 

A^(V 2 , Vi) + A^Vi, Vo) = A^(V 2 , Vo) • (10) 
As a consequence we get the identities 

A«(v,v) = o, A°(v 1 ,v ) = -A°(v 0) v 1 ) . (ii) 

5. i.7 We can now introduce the notion of a differential K-orientation of a proper sub- 
mersion p:W^rB between orbifolds. We fix an underlying topological i^-orientation of 
p (see Definition 3.1 ) which is given by a 5'pin c -reduction of SO(T v p) after choosing an 



orientation and a metric on T v p. 

We consider the set O of tuples {g TVp , T h p, V, a) where the first three entries have the 
same meaning as above (see |3.1.2j ), and a G Q odd (LW) / im(d) . We introduce a relation 
o ~ Oi on O: Two tuples (gf p , T^p, Vj, o~j), i = 0, 1 are related if and only if a\ — cr = 
Ap(Vi, Vo)- We claim that ~ is an equivalence relation. In fact, symmetry and reflexivity 
follow from ([11]), while transitivity is a consequence of (|10"D. 
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Definition 3.4 The set of differential K- orientations which refines a fixed underlying 
topological K-orientation of p: W — >■ B is the set of equivalence classes O / ~. 

Note that Vt odd (LW) /lm(d) acts on the set of differential ^-orientations. If a G Q odd {LW)/l 
and {g TVp , T h p, V, a) represents a differential i^-orientation, then the translate of this ori- 
entation by a is represented by (g TVp ,T h p,'V,a + a). As a consequence of fllPP we get: 

Corollary 3.5 The set of differential K -orientations refining a fixed underlying topolog- 
ical K-orientation is a torsor over Q odd (LW) / im(d) . 

If o = (g TVp , T h p, V, a) G O represents a differential i^-orientation, then we will write 

A c (o) := A«(V) , a(o):=a. 

3.2 Definition of the Push-forward 

3.2.1 We consider a proper submersion between orbifolds p:W^-B with a choice of 
a topological if-orientatiom Assume that p has closed fibres. Let o = (g TVp ,T h p,'V ,a) 
represent a differential i^-orientation which refines the given topological one. To every 
geometric family S over W we associate a geometric family p\E over B. 
Let 7r: E — > W denote the underlying proper submersion with closed fibres of £ which 
comes with the geometric data g TVn , T h 7i and the family of Dirac bundles (V, h v , V^). 
The underlying proper submersion with closed fibres of p\S is 

q := po it: E — )■ B . 

The horizontal bundle of 7r admits a decomposition T h ir = ir*T v p © ir*T h p, where the 
isomorphism is induced by dir. We define T h q C T h ir such that dir: T h q = n*T h p. 
Furthermore we have an identification T v q = T v ir © n*T v p. Using this decomposition we 
define the vertical metric g TVq := g TVn @it*g TVp . These structures give a connection \7 TVq 
which in general differs from the sum V^ 71 " © 7r* V T " P . 
The orientations of T v ir and T v p induce an orientation of T v q. 

Finally we must construct the Dirac bundle p\V — > E. Locally on E we can choose a 
Spm c -structure on T v 7r with spinor bundle S c (T v ir), and with a Spm c -connection V,r 
which refines the connection V 7 ^. We define the twisting bundle 

Z := ttomciif±(Tvn)(S(T v 7i),V) . 

The connections and induce a connection V 2 '. 
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The local Spm c -structure of T v ir together with the Spm c -structure of T v p induce a Spin c - 
structure on T v q = T v ir(BiT*T v p. It has an induced connection V® which refines the direct 
sum connection V T1>7r © tt* V t " p . Let 



V T v g - V® G C°°(£, A 1 (T v q)* © End(T^)) 



be the difference of the two connections. We define 

V, := V® + i C ( W ) . 

This is a Spm c -connection on T v q which refines V TVq and has the same central curvature 
as V®. Locally we can define the family of Dirac bundles p\V := S(T v q) <g> Z. It is easy 
to see that this bundle is well-defined independent of the choices of local Spm c -structure 
and therefore a globally defined family of Dirac bundles. 

Remark: Note that the notion of locality in the realm of orbifolds is more complicated 
than it might appear at the first glace. To say that we choose a local Spm c -structure 
means that we use an orbifold atlas A — > B and consider an open subset U C A, and that 
we choose a S£>m c -structure after pulling the family back to U . Thus in particular we do 
not (and can not) require that it is equivariant with respect to the local automorphism 
groupoid U x B U =>- U. Therefore our twisting bundle Z is not equivariant, too. On the 
other hand, the tensor product S c (T v q)®Z is completely canonical and thus is equivariant. 

Definition 3.6 Let p\8 denote the geometric family given by q: E — >■ B and p\V — > E 

with the geometric structures defined above. 

3.2.2 Let p: W — > B be a proper submersion with a differential i^-orientation repre- 



sented by o. In 3.2.1 we have constructed for each geometric family £ over W a push- 



forward p\£. Now we introduce a parameter a G (0, oo) into this construction. 



Definition 3.7 For a G (0, oo) we define the geometric family pf£ as in 3.2.1 with the 



only difference that the metric on T v q = T v tt © ir*T v p is given by g^" q = a 2 g TVn © 7i*g TVp . 

The family of geometric families pf£ is called the adiabatic deformation of p\£. There is 
a natural way to define a geometric family J 7 on (0, oo) x B such that its restriction to 
{a} x B is pf£. In fact, we define J 7 := (id(o j0 o) x p)i((0, oo) x £) with the exception that 
we take the appropriate vertical metric. 

Although the vertical metrics of T and pf£ collapse as a — > the induced connections and 
the curvature tensors on the vertical bundle T v q converge and simplify in this limit. This 
fact is heavily used in local index theory, and we refer to ||BGV04| , Sec 10.2] for details. 
In particular, the integral 



n(a,£) := [ ^(J 7 ) 

J (0,a)xLB/LB 
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converges, and we have 



i±m a^ n{pfs) = / a c (o) a n(S) , n(p?s) - / a c (o) a n(£) = dn(a,s) . 

J LW/LB Jlw/lb 

(12) 

3.2.3 Let p: W — > B be a proper submersion with closed fibres between orbifolds with 
a differential i^-orientation represented by o. We now start with the construction of the 
push-forward p\ : K(W) —> K(B). For a G (0, oo) and a cycle (£, p) we define 

p?(£,p):=\p?£, f A c (o)Ap + n(a,£)+ ! a(o) AR([£,p\)\ G K{B) . (13) 

JLW/LB JLW/LB 

Since A c (o) and /?([£, p]) are closed the map 



n(LW)/im(d) 3 p^ A c (o) A p G fi(L5)/im(d) 

and the element 

/ a{6) A R([£, p]) G tt(LB)/im(d) 

J LW/LB 

are well-defined. It immediately follows from the definition that pf : G(W) — > K{B) is a 
homomorphism of semigroups. 

3.2.4 The homomorphism pf : G(W) — > K{B) commutes with pull-back. More precisely, 
let / : B' — > B be a morphism of orbifolds. Then we define the submersion p' : W' — > B' 
by the cartesian diagram 

W — ^ W 
B'^-^B 

The differential dF: TW -> F*TW induces an isomorphism dF : TW ^> FT¥. 
Therefore the metric, the orientation, and the Spm c -structure of T v n induce by pull-back 
corresponding structures on T v p' . We define the horizontal distribution T h p' such that 
dF(T h p') C F*T h p. Finally we set a' := LF*a. The representative of a differential -Re- 
orientation given by these structues will be denoted by d := f*o. An inspection of the 
definitions shows: 

Lemma 3.8 The pull-back of representatives of differential K -orientations preserves equiv- 
alence and hence induces a pull-back of differential K -orientations. 



Recall from [3.1.3| that the representatives o and o' of the differential i^-orientations en- 
hance p and p' to geometric families W and W. We have f*W = W. 
Note that we have LF*A c (o) = A c (o'). If £ is a geometric family over W, then an 
inspection of the definitions shows that f*p\(£) = p\(F*£). The following Lemma now 
follows immediately from the definitions 

Lemma 3.9 We have f* o pf = p\ o F* : G(W) K(B') . 
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3.2.5 



Lemma 3.10 The class pf(£,p) does not depend on a G (0, oo). 

Proof. The proof can be copied from |BS07| , Lemma 3.11]. □ 



In view of this Lemma we can omit the superscript a and write p\(£,p) for p?(£,p). 
3.2.6 Let £ be a geometric family over W which admits a taming £ t . Recall that the 
taming is given by a family of smoothing operators {Q w )wew- 

The family of operators along the fibres of p\£ induced by Q is not a taming of pfSt since 
it is not given by a smooth integral kernel but rather by a family of fibrewise smoothing 
operators. Nevertheless it can be used in the same way as a taming in order to define e.g. 
the ?7-forms which we will denote by 7](pf£ t ). To be precise, we add the term x{ua~ 1 )ua~ 1 Q 
to the rescaled superconnection A u (pf£), where x vanishes near zero and is equal to 1 on 
[1, oo). This means that we switch on Q at time u ~ a, and we rescale it in the same way 
as the vertical part of the Dirac operator. In this situation we will speak of a generalized 
taming. We can control the behaviour of rj{pf£t) in the adiabatic limit a — > 0. 



Theorem 3.11 



lim a ^ r](p?£ t ) = / A c (o) Arj(£ t 
Jlw/lb 



'LW/LB 

Proof. The proof of this theorem can be obtained by combining standard methods of 
equivariant local index theory with the adiabatic techniques developed by the school of 
Bismut. We will give the details elsewhere. □ 



Since the geometric family pf£ admits a generalized taming it follows that index(pf£) = 0. 
Hence we can also choose a taming (pf£)t- The latter choice together with the generalized 
taming induce a generalized boundary taming of the family pf£ x [0, 1] over B. We have, 



as m 



BS071 , Lemma 3.13], 



Lemma 3.12 The difference of '77- forms f]({pf£)t) —v{P\£t) is closed. Its de Rham coho- 
mology class satisfies 

[rj((pf£) t )-rj(pf£ t )}ech dR (K(B)) . 

3.2.7 We now show that p\ \ G(W) — > K{B) passes through the equivalence relation ~. 
Since p< is additive it suffices by Lemma |2.18| to show the following assertion. 

Lemma 3.13 If (£,p) is paired with (£,p), then p\(£,p) = p\(£,p)- 

Proof. The proof can be copied from ||BS07| , Lemma 3.14]. □ 
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3.2.8 We let 

fir.K(W)^K(B) (14) 
denote the map induced by the construction ([13]). 

Definition 3.14 We define the integration of forms p?: fl(LW) — > Q(LB) by 



p?(uj) = / (A c (o) - da{o)) A u 

JLW/LB 

Since A c (o) — da(o) is closed we also have a factorization 

pf: Q(LW)/im(d) tt(LB)/im(d) . 

Our constructions of the homomorphisms 

fis : K(W) K(B) , p? : -> fl(LB) 

involve an explicit choice of a representative o = {g TVp , T h p, V, a) of the differential K- 
orientation lifting the given topological i^-orientation of p. But both push-forward maps 
are actually independent of the choice of the representative. 

Lemma 3.15 The homomorphisms fir. K(W) — > K(B) andpf: £l(W) — > Cl(B) only 
depend on the differential K-orientation represented by o. 



Proof. It can be copied from [ |BS07| , Lemma 3.17] □ 



3.2.9 Let p: W — > B be a proper submersion between orbifolds with closed fibres with a 
differential .fT-orientation represented by o. We now have constructed the homomorphism 
(|T4D. In the present paragraph we study the compatibilty of this construction with the 
curvature R : K — > Qd=o- 

Lemma 3.16 For x G K{W) we have 

R(fi [ (x))=pf(R(x)) . 

Proof. The proof can be copied from ||BS07| , Lemma 3.16]. 
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3.2.10 Let p: W — > B be a proper submersion between orbifolds with closed fibres with 
a topological A-orientation. We choose a differential A-orientation which refines the 
topological A-orientation. In this case we say that p is differentiably A-oriented. 

Definition 3.17 We define the push-forward pr. K(W) — > K(B) to be the map induced 
by (1731) for some choice of a representative of the differential K -orientation 



We also have well-defined maps 

p? : Vt(LW) -»■ Sl(BL) , pf : tt(LW)/im(d) -»■ ft(L£)/im(d) . 

Let us state the result about the compatibility of pi with the structure maps of differential 
A-theory as follows. 



Proposition 3.18 The following diagrams commute: 

-^h Q(LW)/±m(d) — 5-> A(W0 



#(W) 



-> A(W0 



(15) 



K{B) Q(LB)/im(d) — K(B) — 1 —> K{B) 



R 



K(W) 

k(B) 

Proof. We copy the proof of pSOl Prop. 3.19]. 



(16) 



R 



□ 



3.3 Functoriality 

5. 5. 1 We now discuss the functoriality of the push-forward with respect to iterated fibre 
bundles. Let p: W — > B be as before together with a representative of a differential 
A'-orientation o p = (g TVp ',T h p,V ' p , cr(o p )) . Let r: B — > A be another proper submersion 
between orbifolds with closed fibres with a topological A'-orientation which is refined by 
a differential A-orientation represented by o r := (g TVr , T h r, V r , a(o r )). 
We can consider the geometric family W := (W — > B, g TVp ,T h p, S c (T v p)) and apply the 
construction |3.2.2| in order to define the geometric family rf(W) over A. The underlying 
submersion of the family is q := r o p: W A. Its vertical bundle has a metric g^ q and 
a horizontal distribution T h q. The topological Spm c -structures of T v p and TV induce a 
topological Spin c -structure on T^g = T v p®p*T v r. The family of Clifford bundles of piW 
is the spinor bundle associated to this Spm c -structure. 
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In order to understand how the connection behaves as a — > we choose local spin 
structures on T v p and T v r. Then we write S c (T v p) = S(T v p) ® L p and S c (T v r) = 
S(T v r) £g> L r for one- dimensional twisting bundles with connection L p , L r . The two local 
spin structures induce a local spin structure on T v q = T v p © p*T v r. We get S c (T v q) = 
S(T v q) ®L q with L q := L p ®p*L r . The connection V^' 3 ™ 9 converges as a — > 0. Moreover, 
the twisting connection on L q does not depend on a at all. Since V"' T " 9 and determine 
V® (see |3.1.3| ) we conclude that the connection converges as a — > 0. We introduce the 
following notation for this adiabatic limit: 



■jadia 



lim a ^oV^ . 



3.3.2 We keep the situation described in 3.3.1 



Definition 3.19 We define the composite o a q := o r o a o p of the representatives of differ- 
ential K - orientations of p and r by 



o a q := (gr q ,T h q,V a Q ,a(o a Q )) 



where 



a{o a q ) := a(o p ) A p* A c p (o r ) + A c p (o p ) A pV(o P ) - A^V adia , V a q ) - da(o p ) A p*a(o r ) . 

Lemma 3.20 This composition of representatives of differential K- orientations preserves 
equivalence and induces a well-defined composition of differential K -orientations which is 
independent of a. 



Proof. The proof is the same as the one of [BS07, Lemma 3.22]. □ 



3.3.3 We consider the composition of proper iT-oriented submersions 

g 

with representatives of differential i^-orientations o p of p and o r of r. We let o q := o p op r be 
the composition. These choices define push- forwards p\, fi and q\ in differential i^-theory. 

Theorem 3.21 We have the equality of homomorphisms K (W) — > K{A) 

q\ — ft o p\ . 

Proof. The proof only depends on the formal properties of transgression forms. It can 
be copied from pgQl , Thm. 3.23]. □ 
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3.3.4 We call a representative o = (g TVp ,T h p,'Vp,a(op)) of a differential i^-orientation 
of p: W — >■ B real, if and only if a(o p ) G r2^ dci (LH / )/ini((i). Furthermore, we observe that 
being real is a property of the equivalence class of o. If o is real, then it immediately 



follows from ([13]) that the associated push-forward preserves the real subfunctors, i.e. 



that by restriction we get integration homomorphisms 

pr. k R (w) -> k R (w) , pf : q r (lvt) -> n R (w). 

3.4 The cup product 

In this section we define and study the cup product 

U: k(B)®K(B) -»■ if (-B) . 

It turns differential if-theory into a functor on compact presentable orbifolds with values 
in Z/2Z-graded rings. 

3.4-2 Let £ and T be geometric families over B. The formula for the product involves 
the product £ x B J 7 of geometric families over B. The detailed description of the product 
is easy to guess, but let us employ the following trick in order to give an alternative 
definition. 

The underlying proper submersions of £ and J 7 give rise to a diagram 

E x B F - — s~ F . 

v 

E ^B 

Let us for the moment assume that the vertical metric, the horizontal distribution, and 
the orientation of p are complemented by a topological Spm c -structure together with a 
Spm c -connection V as in |3.2.1| . The Dirac bundle V of J 7 has the form V = W ® S c (T v p) 
for a twisting bundle W with a hermitean metric and unitary connection (and Z/2Z- 
grading in the even case), which is uniquely determined up to isomorphism. Let p*S (g) W 
denote the geometric family which is obtained from p*S by twisting its Dirac bundle with 
S*W. Then we have 

£ x B JF^p\{p*£®W) . 

In the description of the product of geometric families we could interchange the roles of 
£ and J 7 . 

If the vertical bundle of £ does not have a global S'pm c -structure, then it has at least 
a local one. In this case the description above again gives a complete description of the 
local geometry of £ x B J 7 (see the Remark in |3.2.1| ). 
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3.4-3 We now proceed to the definition of the product in terms of cycles. In order to 
write down the formula we assume that the cycles (£,p) and ( J 7 , 9) are homogeneous of 
degree e and /, respectively. 

Definition 3.22 We define 

(£, p) U (J 7 , 9) := [£ x B J 7 , (-l) e n(£) A 9 + p A Sl{JF) - {-l) e dp A 9] . 

Proposition 3.23 The product is well-defined. It turns B i— >■ K(B) into a functor from 
compact presentable orbifolds to unital graded- commutative rings. By restriction it induces 
a ring structure on the real subfunctor K^(B). 



Proof. The proof can be copied from ||BS07| , Prop. 4.2]. That the product preserves the 
real subspace immediately follows from the definitions. □ 



3.4-4 m this paragraph we study the compatibility of the cup product in differential K- 
theory with the cup product in topological K-theory and the wedge product of differential 
forms. 

Lemma 3.24 For x, y 6 K(B) we have 

R(x U y) = R(x) A R(y) , I(x U y) = I(x) U I(y) . 

Furthermore, for a G Q(LB)/im(d) we have 

a(a) Ux = a(a A R(x)) . 

Proof. Straightforward calculation using the definitions and that index {£ J) = 
index(^) U index(J") and Q(£ x B J 7 ) = fl(£) A fi(J'). 

3-4-5 Let p: W — > B be a proper submersion with closed fibres with a differential K- 
orientation. In |3.2.7| we defined the push-forward p\ : K{W) — > K(B). The explicit 
formula in terms of cycles is (0). The projection formula states the compatibility of the 
push-forward with the U-product. 

Proposition 3.25 Let x E K(W) and y E K(B). Then 

P\{p*y U x) = y U p\(x) . 
The proof can be copied from ||BS07| , Prop. 4.5]. □ 
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3.5 Localization 



3.5.1 In the present subsection we show that a version of Segal's localization theorem 
(Seg68 ] holds true for differential i^-theory. Let B = [M/G] be an orbifold represented by 



the action of a finite group G on a manifold M. Then we have the projection ir : [M / G] — > 
[*/G]. For g e G let [g] = {hgh~ 1 \h G G} denote the conjugacy class g. Note that M 9 is 
a smooth submanifold of M, and for / e G we have a canonical diffeomorphism /i : M l — >• 
M Wh . We choose, G-equivariantly, tubular neighbourhoods M h C M h for all h £ G, 
set M [9] := |J fe6[9] M h C M, and we consider the open suborbifold B 9 := [M^/G] C E. 
We let i: 5 9 — >■ 5 denote the inclusion. Note that B 9 is considered as an orbifold 
approximation of the orbispace [Uhe[g] M h /G] in the homotopy category of orbispaces. 
3.5.2 Note that K°([*/G\) ^ R(G), see|2^. Therefore K{B) and K(B 9 ) become R(G)- 
modules via ir*, n*, and the cup-product. In this way i* : K(B) — )■ K(B 9 ) is a map of 
i?(G)-modules. 

If we identify, using the character, with a subalgebra of the algebra of class functions 

on G, 

R(G) C R(G) C = C[G] G , 

we see that [g] gives rise to a prime ideal I([g]) C R(G) consisting of all class functions 
which vanish at [g]. 

For an _R(G)-module V we denote by V/([g]) its localization at the ideal I([g])- 
3.5.3 

Theorem 3.26 The restriction i* : K(B) — > K(B 9 ) induces, after localization at I([g]), 
an isomorphism 

i*:k{B) m) ^K{B 9 ) m) . 

Proof. We use the following strategy: We will first observe that there is a natural R(G)- 
module structure on Q(LB)/im(d) such that the sequence 

-> K(B) ^ tt(LB) / im(d) A K{B) 4 K(B) -)• 

becomes an exact sequence of i?(G)-modules. Then we will prove the analog of the 
localization theorem for equivariant forms. Once this is established, we combine it with 
Segal's localization theorem |(Seg68|| in ordinary i^-theory, 



i* : K{B) m) A K{B 9 ) m) , 
and the result then follows from the Five Lemma. 

Let us start with the _R(G)-module structure on Q(LB). The map 7r: B — > [*/G] induces 
a homomorphism Ln* : fi(L[*/G]) — > Vt(LB). We now use the identification VL(L[*/G\) = 
C[G] G 9* R(G) C . 
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3.5.4 

Lemma 3.27 The natural map 

Li*: (Cl(LB)/im(d)) m) (£l{LB°)/in(d)) im 

is an isomorphism. 

Proof. Since localization is an exact functor it commutes with taking quotients. Therefore 
it suffices to show that 

Li* : kev(d (LB)) m) ker(d (LB^)) mh Li* : n(LB) m) Q(LB^) m) 

are isomorphisms, where dk'- Q k — > We give the argument for the second case. The 

argument for the first isomorphism is similar. 

Let (CG) denote the set of conjugacy classes in G. For [h] G C{G) we define the G- 
manifold := |J, grw M l . Then 



LB [M [h] /G] 



[h 



dCG 



is a decomposition into a disjount union of orbifolds. Accordingly, we obtain a decompo- 
sition 

Q(LB) = Q(M [h] ) G . 

[h]eCG 

Let now h G G and < h > be the subgroup generated by h. If < h > f][g] = 0, then 
there exists an element x G R(G) with x(g) ^ 0, i.e. x I([g\) and X\ < f l> = 0. As 
multiplication with x is the zero map on fi(M' fc ') G and at the same time an isomorphism 
after localization at I([g}), we observe that Q(M^)% g ^ = 0. Therefore, we get 

n(LB) m) = n(jifi% D . 

[h]£CG,<h>n{g]^V> 



A similar reasoning applies to B 9 in place of B: 

nft iC/r\<i\\\h]\( 



n(LB°) im = n((MW)W)G 



]&CG,<h>n[g]^d 



If < h > n[g] ^ 0, then the restriction fi(M [h] ) G ->■ fi((M [9l )^) G is an isomorphism. In 
fact, the map (M^M — >■ is a G-diffeomorphism. □ 

This finishes the proof of the localization theorem. □ 
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4 The intersection pairing 



4.1 The intersection pairing as an orbifold concept 

4-1.1 We start with the definition of a trace on the complex representation ring R(G) for 
a compact group G. Note that the underlying abelian group of R{G) is the free Z-module 
generated by the set G of equivalence classes of irreducible complex representations of G. 
The unit 1 G R(G) is represented by the trivial representation of G on C. 
We define 

Tr G : R{G) -> Z , Tr G (^ n^) := m . 

TTSG 

The bilinear form 

(., .) : R(G) ® i2(GQ Z , (x, y) = Tr G (xy) 
is non-degenerate. In fact 

where 7r* denotes the dual representation of 7r. 

The map Tr G extends to the complexifications Rc(G) := <8> C, the map 

Tr G : i? c (G) 

will be denoted by the same symbol. 

4-1.2 Let G be a finite group. We identify 

ch: Rc{G) = C[G] G 

(G acts by conjugations on itself) via 

7reG TTSG 

where Xn £ C[G] G denotes the character of 7r. Under this identification, 

1 1 9&G 

Indeed, if vr is non-trivial, then j^Y^geaXM = 0, and ]£| X^eG Xi(flO = 1 b y the 
orthogonality relations for characters. 
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4-1.3 Let G be finite. Note that L[*/G] = [G/G], where G acts on itself by conjugation. 
We have Q([G/G\) 9* C[G] G . We thus define 

Tr G : n(L[*/G\) C, Tr G (/) := ±- £ /(<?) • 
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Observe that for x 6 K([*/G]) = R(G) and / = ch(x) we have Tr G (/) G Z. Therefore 
we get an induced map 

Tr G : n(L[*/G])/lm(ch) -> C/Z =: T . (18) 

^.i.^ Let G be a compact Lie group and consider a compact G- manifold M with a G- 
equivariant .fT-orientation. In this situation we have a push- forward /t : K G (M) — )■ if G (*) 
along the projection /: M — > *. We define the intersection form 



;., .) : k g (m) <g> Kq(m) 4 # G (M) 4 k g (*) = r(g) T 4 z . 



(19) 



In certain special cases this intersection form is compatible with induction. Let 
G ■=— 7- if be an inclusion of finite groups. Then H x G M has an induced if-equivariant 
i^-orientation. 

Proposition 4.1 If G "-^ H is an inclusion of finite groups then the following diagram 
commutes: 



K G {M)®K G {M) 



(■■•) 



> Z 



indg(g)indQ 



(•>•) 



> z . 



##(# x G M) ® K H (H x G M) 

Proof. The cup product and the integration are defined on the level of orbifolds. Hence 
they are compatible with induction, i.e. 



K G {M) <g> K G {M) 



K G {M) 



R(G) 



indgigiindg 



indg 



indg 



K H (H x G M)®K H {H x G M)^+K H (H x G M) 



R{H) 



commutes. We thus must show that the following diagram commutes 



indf 



R{H) z 
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If 7r e G, then 

indg(7r) = [C[tf]®K] G , 

where we use the right G-action on C[H] in order to define the invariants. The if-action 
is induced by the left action. Since Res^l = 1, by Frobenuis reciprocity 

Tr H ind£(7r) = Tr G V n , 

as Tth{V) counts the multiplicity of 1 in V. □ 



If G/H is not zero-dimensional, then an if-equivariant i^-orientation of M does not 
necessarily induce a G-equivariant .ff -orientation of G M. The problem is that G/H 
does not have, in general, an if-equivariant i^-orientation. 

4-1.6 Let H C G be a normal subgroup of a finite group which acts freely on a closed 
equivariantly i^-oriented G-manifold N with quotient M := N/H . Then the group K := 
G/iJ acts on the closed equivariantly i^-oriented G- manifold M. We have an equivalence 
of orbifolds [N/G] 4 [M/K] induced by the projection vr: N -> M. Let f K : M ^ * and 
/ G : iV — » * denote the corresponding projections to the point. 

If V is a representation of G, then acts on the subspace inv H (V) := V of iJ- invariants. 
We therefore get an induced homomorphism inv H : R(G) — > R(K). 

Proposition 4.2 The following diagram commutes: 



K G (N)^R(G) T -^Z . 



K K {M) R(K) — ^ Z 



H 



Proof. We give an analytic argument. It follows from the relation inv G = inv A o mv 
that the right square commutes. We now show that the left square commutes, too. Let 
x G Kk(M) be represented by a i^-equivariant geometric family S. Then n*£ is a G- 
equivariant geometric family over N. Then f\ K {x) is represented by the X-equivariant 
geometric family f, K S over the point *. The corresponding element in R{K) is the repre- 
sentation of K on ker(D(f, K S)). Similarly, f\{x) is represented by the representation of G 
on ker(.D(/| G 7r*£)). The projection f, S — > f^S is a regular covering with covering group 
H, respecting all the geometric structure. In particular, we have H(f, K S) = H(f, G ir*£) H 
(distinguish between the Hilbert space H(. . . ) associated to a geometric family and the 
group H) and kei{D{ff <: £)) = ker(D(f\ G n* S)) H as representations of K. This implies the 
commutativity of the left square. □ 
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4-1.7 In the following theorem we show that the intersection pairing is a well-defined 
concept at least for orbifolds which admit a presentation as a quotient of a closed equiv- 
ariantly i^-oriented G-manifold for a finite group G. 

Theorem 4.3 If B is an orbifold which admits a presentation B = [M/G] for a finite 
group G such that [M/G] — > [*/G] is K -oriented, then ( p 7 ^ ) induces a well-defined inter- 
section pairing 

K(B)®K(B) -> Z . 
Proof. We choose a presentation B = [M/ G] and define the pairing such that 

K{B)®K{B)^-^Z 

K G (M)®K G (M) { -^Z 

commutes. We must show that this construction does not depend on the choice of the 
presentation. Let B = [M'/G'] be another presentation. 

We use the set-up of ||PS07|| where the 2-category of orbifolds is identified with a localiza- 
tion of a full subcategory of Lie groupoids. 

Let G x M und G' x M' be the action groupoids. Since they represent the same orbifold 
B the isomorphism G x M = G' x M 1 in this localization is represented by a diagram 

K. 



G x M 



G' x M' 



where JC is a Lie groupoid and v und u are essential equivalences. By |PS07| , Prop. 6.1] 
this diagram is isomorphic (in the category of morphisms) between G x M and G' x M 1 
to a diagram of the form 

(G x G') x N 



G x M 



G' x M' 



where now u: N — > M and v : N — > M' are equivariant maps over the projections GxG' 
GandGxG'^ G' . 

For x,y G K(B) let x,y E Kq(M) and x',?/ G Kc(M') be the corresponding elements 
under = K G (M) = K G <(M'). We have u*x = v*x' and u*y = v*y'. The subgroups 

G', G C G x G" are normal and act freely on TV. By Proposition [4.2| we get 



Tr G (/, G (xUy)) = Tr^^/^V^*?/)) = Tr GxG ,(/^ XG '(^VU^V)) = Tr G ,(/, G ' {x'VJy')) 



cGxG' 



GxG' !„,*„,/> 



pG'/ 
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where f G , f GxG ' and f G ' are the corresponding projections to the point. □ 

4.2 The flat part and homotopy theory 

4-2.1 If B is an orbifold, then we can consider the flat part 

U(B) : = ker(R: K(B) -> Q(LB)) 

of the differential .fT-theory of B. The functor B y U(B) is homotopy invariant. The 

main goal of the present section is to identify this functor in homotopy-theoretic terms. 

In the language of PS09|| , we are going to show that U is topological. 

4-2.2 A G-equivariant i^-orientation of a closed G-manifold M provides a G-equivariant 

fundamental class [M] G K G imM (M). Let us represent i^-homology in the KK-pictme, 

i.e. 

K G (M) := KK G (C(M), Cliff (R n )) 

where Clif f (K n ) is the complex Clifford algebra of M. n with the standard Euclidean inner 
product. The equivariant fundamental class is represented by the equivariant Kasparov 
module (L 2 (M,E),D), where E = P Xspin c (n) Cliff (W l ) is the Dirac bundle associated 
to the Spin (n)-principal bundle P determined by the i^-orientation. Note that the Dirac 
operator D of E commutes with the action of Cliff (M. n ) from the right. 
Let x G M und G x be its stabilizer group. Then T X M = T x Gx © N, where G x acts non- 
trivially on N. A tubular neighbourhood of Gx can be identified with U x '■= G x Gx V x , 
where V x C N is a disc. The restriction of the fundamental class to U x gives an element 

[M] Ux G K G (U x ,dU x ) = K°*(V x ,dV x ) . 

Note that V x admits a G x -equivariant Spm c -structure. It is uniquely determined by 
the K-orientation of M upto a choice of a G x -equivariant Spin c -structure on the vector 
space Tg x {G/G x ). The Spm c -structure gives an equivariant Thorn class and the Thom 
isomorphism 

R(G X ) = K Gx (V x , dV x ) 

of i?(G x )-modules. The characterizing property of a fundamental class is that [M]^ is a 
generator of the i?(G x )-module K Gx (V x ,dV x ) for every x G M. This condition does not 
depend on the choice of the Spm c -structure on Tc x (G/G x ). 

The equivariant .fT-theory fundamental class induces a Poincare duality isomorphism 

P:K* G (M) n ^ ] K^(M) . 
Note that the intersection pairing can be written in the form 

K G (M) <g) K G (M) K G (M) ® K G (M) e ^ R(G) ^ Z . 
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4-2.3 Recall that T := C/Z. We define a new G-equivariant cohomology theory which 
associates to a G-space M the group 

k T G (M) :=Hom Ab (A G (M),T) . 

In fact, since T is a divisible and hence injective abelian group, the long exact sequences 
for K G induce long exact sequences for k G . 

Complex conjugation in T induces a natural involution on k G (M). Its fixed points will be 
denoted by k G /z (M). In other words, k^(M) = Hom Ab (A G (M), M/Z) C Hom Ab (A G (M), T). 
If M is equivariantly A-oriented, then we have natural pairings 

K G {M) ® k G (M) 4 T , K G {M) <g> kl /z (M) ^ R/Z (20) 

given by 

X (g) h-> <j)(P{x)) . 

Since P is an isomorphism, by Pontryagin duality this pairing is non-degenerate in the 
sense that it induces a monomorphism 

A G (M)^Hom Ab (fc£(M),T) 

and isomorphisms 

k G (M) = Hom Ab (A G (M),T) , K G (M) = Hom Ab (^ /Z (M), R/Z) . 

For the latter, we use only continuous homomorphisms and the usual topology on k G (M) 
as a dual of a discrete group. 

4-2.4 The main goal or the present paragraph is to define cohomology theories Kq (the 
complexification of i^c-theory) and Kq which fit into a natural Bockstein sequence 

► K G (M) -> K%\M) -)• ifJ*(M) -> K£\M) (21) 

For this we work in the stable G-equivariant homotopy category whose objects are called 
G-spectra. 

It is known by Brown's representability theorem that G-equivariant homology theories 
(on finite G — CW complexes) and transformations between them can be represented by 
G-spectra and maps between them. In certain cases (e.g. for K G or Kq) we want to 
know that these spectra are determined uniquely up to unique isomorphism. Similarly, 
we want to know that certain maps between these G-spectra are uniquely determined by 
the induced transformation of equivariant homology theories. 

The abelian group of morphisms between G-spectra X, Y will be denoted by [X, Y]. A 
G-spectrum will be called cell- even if it can be written as a homotopy colimit over even 
G-cells. We will repeatedly use the following fact. 
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Lemma 4.4 Let X, Y be G-spectra such that X is cell-even and the odd- dimensional 
homotopy groups of Y vanish. If f : X — > Y induces the zero map in homotopy groups, 
then f = 0. 

Proof. We write X as a homotopy colimit of even G-cells X = hocolim jg/Zj and consider 
the Milnor sequence 

-> limJ 6/ [E-%y] -> [X,F] -»• limfc/fZ^y] -> . 

Since / induces the zero map in homotopy groups it comes from the lim 1 -term. Since 
the odd- dimensional homotopy groups of Y vanish we have Y] — for alH G / so 

that the lim 1 -term vanishes. It follows that / = 0. □ 



We will represent a G-equivariant homology theory h G by a G-spectrum h G . We start 
with the G-ring spectrum K G which represents G-equivariant X-homology. It is cell-even, 
as it can be build using copies of BU and has only even- dimensional homotopy groups. By 
Lemma [Ojit is uniquely determined upto unique isomorphism. Since -Rc(G) := -R(G)<S>C 
is a flat i?(G)-module we get a new i^G-module homology theory 

K£(M) := K G (M) ® R{G) Rc(G) = K G (M) ® z C . 

This G-equivariant homology theory can be represented by the G-spectrum K G = K G A 
MC. Here MC is the Moore spectrum for C. In general, a Moore spectrum NLA for 
an abelian group A can be written as a colimit over a system of (zero-dimensional) cells. 
Therefore K G is again cell-even and has only even-dimensional homotopy groups. The 
homology theory K G thus determines the X G - module G-spectrum K G uniquely upto 
unique isomorphism. The transformation Kq — > Kq of homology theories induces a 



morphism of X G -module G-spectra K G — > K G which is unique, again by Lemma (OL We 



choose an extension of this morphism to a distinguished triangle 

-> -> Kg -> Y, K G (22) 

which defines the i^ G - module G-spectrum K G uniquely upto isomorphism. In fact, we can 
write K G = KP_ A MT so that K$ is again cell-even. Since it has only even- dimensional 
homotopy groups, the X G - module G-spectrum K G is actually defined upto unique iso- 
morphism. 

We let Kq denote the co homology theory represented by K G . It is a i^c-module theory. 
In a similar manner, if we set K^(M) := K G (M) ® R and consider K G — > K§ — > K^ 

then we uniquely define a X^-module cohomology theory K G 
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4-2.5 The cohomology theory k G is good for the non-degenerate pairing (P0|). On the 
other hand, as an immediate consequence of the fibre sequence (p2|), the cohomology 
theory K G fits into the Bockstein sequence ([H]). Since later in the present paper we 
need both properties together we must compare the cohomology theories k G and K G . In 
the present paragraph we start with the definition of a transformation %: K G — > k G . In 
Lemma |4l| we will give conditions under which i induces an isomorphism. 
We extend the cohomology theory k G to G-spectra X in the natural way by 

k&X) :=Hom z (A' G (X),T) . 

The evaluation extends to the complexifications 

evalc - K^{X)®K G {X) -y R C {G) , 

and there is a natural transformation 

c: K G {X) -> k G (X) , K G (X) 914 {K G (X) 3 [Tr G (eval c (x ® z))\ G T} . 

The triangle fl22|) induces a long exact sequence 

... ^ fcg(Etff) -+ kl(Kl) A kl(Kl) A kl(K^) ^ . . . . 

We let C := c(id x c) G k G '°(K G ). Since the composition 

JTo(X) 4 1C§(X) 4 kl(X) 

vanishes we have a(C) = 0. Hence there exists a lift / G /c^°(i^ G ) such that b(I) = C. 
We claim that k G '°(lu K G ) = so that the lift I is uniquely determined. To see the claim 
we write K G as a homotopy colimit over even G-cells 



K G ^ hocolim jeJ Zj . 



We then have 



k G fi ml) = Hom Ab (A G (E^),T) 

= HomAb(-Ao ? (hocolim j g jSZj), T) 
= lim jGj Hom Ab (A' G (SZ J ),T) 
= 

The element / G k G '°(Kj) induces a natural transformation of cohomology theories 



% : K G — y kg. In a similar manner we define a transformation % : A G — y k G 
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4-2.6 Let H C G be a closed subgroup. Then we have 

K G (G/H) = K H (*) = R{H) , Kg(G/H) = K%(*) = R C (H), 
and hence, as the homotopy groups of our spectra are concentrated in even dimensions, 

K&G/H) = R C {H)/R{H) = R(H) ® T . 

Furthermore 

kl(G/H) = Hom Ah (K G (G/H),T) Kom Ah (K H (*), T) = Kom Ah (R(H), T) . 

Let x G K%(G/H) = Rc(H) and [x] G K G (G/H) = R C (H)/R(H) be the induced class. 
Then we have for i: K%(G/H) = R C (H) -»■ k G (G/H) = Eom Ah (R(H),T) 

i(x)(y) = [TT G (yx)] = [(y,x)], e . 

Because of (|T7D the map f is injective. It is surjective if and only if R{H) is a finitely 
generated abelian group, i.e. if H is finite. 

Lemma 4.5 If G is finite, then %: K@ — > k G and i: K G ^ Z — > are equivalences of 
cohomology theories on finite G-CW -complexes. If G is compact and if M is a compact 
G-manifold or a compact G-CW -complex with finite stabilizers, then i: K G (M) — > k G (M) 
andi: K G ^ Z (M) — > k^ Z (M) are isomorphisms. 

Proof. We only discuss the complex case. The real case is similar. The first statement 
follows from the discussion above. For the second observe that a compact G-manifold 
has the structure of a G-CW-complex. We then proceed by induction over G-cells which 
are of the form G/H x D n with finite H C G, using Mayer- Vietoris and again that 
i: Kl(G/H) K T (H) -> k G (G/H) Rom Ah (R(H),T) is an isomorphism for finite sub- 
groups H C G. □ 



Corollary 4.6 IfG is a compact group which acts on a G-equivariantly K-oriented closed 
manifold with finite stabilizers, then the pairing 

<.,.>: K G {M) g> Kq(M) 4 K G (M) A R(G) T 4 T 

is a non- degenerate pairing in the sense that the induced map 

K G (M) ^Rom Ah (K%(M),T) 

is a monomorphism, and that 

K J G {M) Hom Ab (K G (M), T) , i^ /z (M) -+ Kom Ah (K G (M), R/Z) 
are isomorphisms. 
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Proof. Indeed, under the isomorphism i: K G (M) ^> k G (M) the pairing < ., . > is iden- 
tified with the evaluation pairing (p0|) . □ 



4-2.7 Let B be a compact orbifold. 

Definition 4.7 VKe define the flat K -theory of B (or its real part, respectively) as the 
kernel of the curvature morphisms: 

U(B) := ker(R: K{B) Q(LB)) , f/ R (5) := ker( J R: K R (B) -»■ fi R (L5)) . 

If B = [M/G] for a compact Lie group G acting on a compact manifold with finite 
stabilizers, then we will also write 

U G (M) := U([M/G]) , Uq{M) := U R ([M/G}) . 

Note that, as always for differential cohomology theories, U(B) fits into a long exact 
sequence 

> K n ~\B) -> H n ^(LB) -> C/ n (B) -> #"(5) -> /J n (L5) -> . . . . 

Using the notation H G (M) := H(L[M/G}), K G (M) = K([M/G\) this specializes to a 
long exact sequence 

► Kg'^M) -> H G ^~ 1 {M) -> f/c( M ) -> J, Q?( M ) -> #g( m ) 

^.#.5 We want to define maps 

j : U G (M) ifg(M) , J : C/*(M) J^ /Z (M) 
by constructing the lower horizontal map in the diagrams 




Ug{M) ^ fcg(M) [/»(M) * >- fcjf (M) 

Its construction involves integration S\m/g]/[*/g] °^ c l asses along the map [M/G] — > 
[*/G] with respect to some choice of a differential refinement of the topological K- 
orientation. The integral will not depend on that choice. 

In order to stay in the category of orbifolds we must assume that G is a finite group. We 
set for £ e K G (M), u e U G (M) 

j G (u)(Z) := Tr G ( [ K u U P^)) E T . 

J[M/G]/[*/G] 
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Here P _1 (£) G K G (M) denotes a differential refinement of the Poincare dual of £ (since 
it is multiplied with a flat class the construction will not depend on this choice), 

u U f^) e U([*/G\) = n([G/G])/im(ch) , 

<[M/G]/[*/G] 

and we use the factorization fll8D of the trace map. We indicate by a superscript in 
which theory the integration is understood. It follows from the compatibility ( |16|) that 
the integral of a flat class is again a flat class. It is easy to see that j G restricts to the 
real parts. 

Theorem 4.8 Assume that G is a finite group and that M is an equivariantly K -oriented 
closed G-manifold. Then the maps 

j : U G (M) Kl{M) , j : U G (M) K^(M) 

are isomorphisms. 

Proof. We discuss the complex case. The real case is similar. Since \Mj G] is an orbifold, 
the Chern character induces an isomorphism 

ch G : K^(M) ^ H G (M) . 

We consider the following diagram with exact horizontal sequences 



K G (M)^H G (M) 



U G {M)^K G {M)^H G {M) . 



(23) 



K%{M) K G (M) -U K G {M) K G (M) 



K G {M) - 

Lemma 4.9 The diagram commutes. 

If we assume this lemma it follows by the Five Lemma that j is an isomorphism. 



□ 



Note that all terms in (|23|) are i^G(-^)- m odules and all transformations are K G (M)- 
module maps. Moreover, all transformations are compatible with integration. We will 
use these facts later. 

The guiding idea of our proof of the most complicated part, the equality j o 5 = (3, is the 
following. Morally, we will show how to realize all relevant classes as push-forwards of 
classes on M n x M along the projection to M, where M n is the Moore space for Z/nZ. 
We will see that the equality 5 o j = ft for M n x M implies the equality for M. Using the 
compatibility of the maps with integration and cup products, by integration over M we 
can reduce to the equality in the non-equivariant case for M n . Indeed, the non-equivariant 
case is already known. Since M n is the mapping cone of the self map of degree n of S* 1 
and not a closed manifold, technically we will use S 1 instead. 
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4-2.9 We now give the details of the proof of Lemma [4.9|. It is clear that the first and the 



fourth square commute. Next we show that the second square commutes. Let x G Kq(M). 
Then we must show that j G (a(ch G (x))) = <f)(x), where 0: K%(M) ->■ k G (M) -)> fc£(M) is 
the natural map. To this end let £ G K G (M). Then we have 



Tr G [/ lUP^fc 

Tr G [ / A c p (LM) U ch G (x) U ch G (P^(0)} 

J L[M/G]/L[*/G] 

Tr G [ / a(ch G (x)) U ch^P^^c/z 

7[Af/G]/[*/G] 

/•£ 

Tr G [/ a(ch G (x))UP- 1 (0]c/z 

J\M/G\/\*/G\ 



>[M/G]/[*/G] 

= j G (a(ch G (x)))(0 

4-2.10 Finally we show that the third square in (|23|) commutes. The argument is sur- 
prisingly complicated. First of all note that im(/3) = KQ rs (M) C K G (M) is the torsion 
subgroup. Let t G Kq ts (M). Then there exists an integer n G N such that nt = 0. 
Let / : S 1 — > S 1 be the covering of degree n. We form the mapping cone sequence 

Si-Us 1 ^C(f) , (24) 



where M n is a compact manifold with boundary which is homotopy equivalent to the cone 
C(f). It is a smooth model of the Moore space of Z/nZ. Using the long exact sequences 
of reduced cohomology and A-theory 

HiS 1 ) A HiS 1 ) £ H(M n ) 4-, ^(S 1 ) A ^(S 1 ) £ K(M n ) 4- 

we get 

F*(M n ) = 0, iT(M n ) = 

and 



C * = 
* > 1 



[ U * = 1 [ u * = 1 

This implies that 

U°(M n ) = Z/nZ , U\M n ) = T . 
In particular, we see that (3: U°iM n ) — > K°' tors (M n ) is an isomorphism. 
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We now analyse the map vr* : U°(M n ) ->■ U ^ 1 ) = T. We know from flESUTfl that the 



map j : U — > K T induces an isomorphism of reduced cohomology theories (i.e. the non- 
equivariant version of the Theorem |4.8| holds true). Since U is a reduced cohomology 
theory we have a mapping cone sequence 

U^S 1 ) A U^S 1 ) £ U°(M n ) £ U^S 1 ) U^S 1 ) , 

where we use the known actions of /* on U ^ 1 ) = if^S^Z) ® T and U^S 1 ) = 
H°(S\Z)®Y. We get 

*U°(M n ) ^U^S 1 ) ^U^S 1 ) . 



^ Z/nZ T »- T 

In particular we see that 

rU 

I n := / on* o /T 1 : Z/nZ = K°(M n ) — >• T = t/ _1 (*) 
Js 1 

is the usual embedding. Note that in the non-equivariant case we have joS = (3. Therefore, 
we also have I n = oir* o S^ 1 . 

The product of the mapping cone sequence (p4[) with M induces a long exact sequence 

Kq{S x x M, * x M) (/ ^- d) * KdS 1 x M, * x M) 

(^xid)* Rc ( Mn x M, * x M) I 3 - K G (S 1 x M, * x M) (25) 

in equivariant i^-theory. Note that Kc{M n x M, * x M) is a torsion group which is a 
summand in 

K G (M n x M)= K G (M n x M, * x M) © Kq(M) . 

Further note that 

K^S 1 x M, * x M) © Kq(M) ^ /^(S 1 x M) . 
We now consider, with £ £ K G yrs (M) chosen above, 

or 5 i x t £ A^S 1 x M, * x Af) . 

Since 

(/ x id)*(or£i x t) = n ■ or s i x t = or s i x nt = 

we can choose a class z £ Kc(M n x M, * x M) such that (7r x id)* (2) = or s i x t. Since 
Ka(M n x M, * x M) is a torsion group, we can further find an element z £ Uc{M n x M) 
such that /?(£) = z. Since /3 is natural we have 

(3 o (tt x id)*(z) = or 5 i x i . 
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Furthermore, we know that (3 commutes with Jgf- Therefore we have 



0o o(tt x id)* (5) = t 

J[S 1 xM/G]/[M/G] 



We define 

"U G 



i:= / o(tt x id)* (z) £ U G (M) . 

J\S 1 xM/G]/\M/G] 



'[S 1 xM/G\/[M/G\ 

If we let t run over all torsion classes in Kg{M), then the set of corresponding t £ 
Ug{M) generates Ug{M) / im(a). Therefore, in order to show that the third square in ( p3|) 
commutes, it suffices to show that j3(t) = S(j(t)) for all these classes. 
Let us for the moment assume that the degree of t has the opposite parity as dim(M). 
We calculate using the projection formula 

/•Ug pUg 
Tr G o / t = Tr G o / (tt x id)*(^) 

J[M/G]/[*/G] J[S 1 xM/G]/[*/G] 

/•Ug /-Ug 
= Tr G o / o / (vr x id)*(z) 

J[S 1 /G]/[*/G] J[S 1 xM/G]/[S 1 /G\ 
U rU G 

o7r* o Tr G o / 

i 



[M n xM]/[M n /G] 
pU G 

Z 

S 1 J[M n xM/G]/[M n /G] 
U r K G 



/ o7r* o (3 1 o Tr G o (3 o / 

Js 1 J\i 

rU PR, 

/ o7T* o o Tr G o / 

JS 1 JM n 



x M /M n 



U pK G 

M n xM/M, 



Q7T* o (3 1 o Tr G o / 



J n ( Tr G o / z 

J M n X M /M n 

We also know that im(S) is the torsion subgroup. Therefore we can find z £ i^^(M n x M) 
such that 5(z) = z. We have 



5 o (n x id)*(z) = or ? i x t . 



Furthermore, we have 



We define 



"■G 

Sol o(tt x id)*(z) = t 

'S 1 xM/M 
K J 

I o(tt x xd)*{z) . 

' S 1 xM/M 
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Then we have 

Tr G o / t = Tr G o 



M JS 1 xM 

Tr G o / o / [jx x id)* (z) 

Js 1 Js 1 xM/s 1 

o7T* o Tr G o / z 

S 1 J M n xM/M„ 

K T rK G 

o7T* o 8~ l o Tr G o 5 o z 

S 1 JM n xM/M n 

r K G 



/ o7T* o o Tr G o / 5(z) 

JS 1 J M„xM/M n 

I o7r* o <5 _1 o Tr G o / 

is 11 •/ M 



' M n xM/M. 
r K G 

Z 

' S 1 J MnXM/Mn 

/ rK G 
= I n I Tr G o / 2 

V J M„xM/M n 

Let us now go back to consider t of arbitrary parity. We finally show that 5 o j(t) = t. 
Because of the -fT G (M)-module structure, in the calculation above we can replace t by 
t U pr^ f (p- 1 (^)) for £ g K G (M). Then i, t and 2 get replaced by i U P"^), t U P _1 (0 
and 2 U pr^P- 1 ^))- For all £ G K G (M) such that deg(£) + deg(t) = dim(M) + 1 we 
therefore have 

*0'(*))(£) = *?(*)(£) 

"U G 



r u G 

Tr G o / tUP-i(e) 
J\M/G\/\*/G\ 
fK G 

Wr G o / (.Upr^?- 1 ^))) 

JM„ xMIM-n. 



^G 



= Tr G o / tUP^(0 

Because the pairing fc G (M) (g) K G (M) — > T is non-degenerate, j(t) = t, and consequently 
5oj(t) = 5(t) = t = /3(f). □ 
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4.3 Non-degeneracy of the intersection pairing 



4-3.1 In this subsection we introduce the notion of a differential .fT-orientation of an 
orbifold B (Definition |4.12|) and construct intersection pairings (Proposition 4.13| ) 



K{B) <g> K{B) -»• T , K R (B) <8> £ R (£) -> R/Z 



for a differentially K-oriented orbifold 5. The main result is Theorem |4.14j which states 
that the intersection pairing is non-degenerate. 

4-3.2 In the following, for x G k([*/G]) let x 1 G if 1 ( ) denote the degree-one 
component. 



Fix G, H, K and M, N as in |4.1.6 . In addition we assume that the map [N/G] — >■ [*/G] 
has a differential i^-orientation. Then [M/K] — > [*/K] has an induced differential K- 
orientation, and the integration maps fp und f, K along the projections f K : [M/K] — > 
[*/K] and f G : [N/G] -> [*/G] are defined. 

^.<?.<? We define the map a.v H : fi(L[*/G]) — >■ Q(L[*/i^]) as the average over if -orbits 
C[G] G — >■ C[K] X , 

av^(/)(^):=^-^/(%). 



If V is a representation of G with character then av (xv) is the character of V as 
a representation of K. Therefore the left square in 

R(G) n(L[*/G\) K\[*/G\) 



R(K) Q(L[*/K\) k\[*/K}) 



commutes, and this gives the dotted arrow. 
4.3.4 

Proposition 4.10 The diagram 



k([M/K}) U ^—^k\[*/K}) — 



K([N/G])^K\[*/G]) T -^ 



(26) 



commutes. 



Proof. Since Ttk and Tr^ are given as averages over K and G, and the average in stages, 
first over H and then over K is equal to the average over G, we see that the right square 
commutes. 
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We now show that the left square commutes. Consider x = [S,p] G ^([M/K]), where 
we actually think of £ as a if-equivariant geometric family over M. According to (|13|), 
the class f\ K (x) is represented by 

[f, K £, I (A c (o) A p + a(o) A R(xj) + £)] . 

JL[M/K]/L[*/K] v y 

The pull-back ir*£ is a G-equivariant geometric family over N. The class f^{TT*x) is 
represented by 

[ffTi*£, [ Lit* (A c (o) A p + a(o) A R(xj) + fi(l, ?r*£)] . 

JL[N/G]/L[*/G] ^ ' 

4-3.5 We first show that the left square of ( p6|) commutes on classes of the form [0, p], 
i.e. we show that 

a* B of°oLir*p = f l K (p) . 

To this end we make the isomorphism Q(L[M / K]) = Q(L[N/G}) explicit. First recall that 
Q(L[M/K]) = m k£K n(M k )} K andfi(L[iV/G]) * [0 geG n(N 9 )f . We write w = ® geG u g 
with uj g G Q(N 9 ). 

Let ^ U g eG N9 ~> U fee ^ Mfc b e the map inducing L[iV/G] ->■ L[M/K\. If if# G if fixes 
an element iin G M, then n G iV 9/l for a suitable h & H. Indeed, g/m = h~ l n for suitable 
h,h £ H. Therefore hghn = gh 9 1 fin = n. We set h :— h 9 1 fi. 

On the other hand, if n G N 9 , then Hn G M Hg . Indeed, HgHn = Hgn = Hn. It follows 
that for Hn G M Hg we have 

n-\Hn) = \_\(Hnf]N 9h ) . 

heH 

Assume that n G N 9 and /in G iV 5 . Then gn = n and ghn = hn = hgn, hence /in = 
g~ l hgn. Since g~ 1 hg G ii and if acts freely this implies that h G ii 9 . Vice versa, if 
h G H g , then with n G N 9 we have also /in G iV 5 . We conclude that for n G iV 9 we have 
HnHN 9 = H g n, so that 

H g \ \HnHN 9 \^0 
e/se 

Therefore N 9 -> M 9 ^ is a |ii 9 |-fold covering. Moreover, if ifn G M Hg , then 

i#i = E i^i- ( 2? ) 
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We consider g E G such that N 9 ^ 0. Note that tt(N 9 ) C M gIi is an open and closed 
submanifold. If u E Q(L[M/K\), then 



f?(Lix*uj)(g) = / tt^^ 

JNa 

= \Hg\ U H g\ n(N 

J-n-(Na) 



All together 



M H f?(Ln*u){Hg) = -L £ f°(Lit*u>)(gh) 



/l»(#<7) • 



7r(iVs' 1 ) 



M ff » 
A'/ 



This calculation shows that the left square in (|4.10| ) commutes on elements of the form 
[M- 

4-3.6 We now consider a geometric family £ over M. Note that fl(£,l) = f\ K {a) for 
some a E Vt(L[M/K\). It follows from the locality of a that VL(ti*£, 1) = fp(n*a). Hence 
av H (ft(7r*£, 1)) = 

We continue with classes of the form [£,0]. As = 0, and as we only consider 

odd classes, we can choose, after stabilization, a i^-invariant taming (f, K £) t . It lifts to a 
G-invariant taming (f, G 7i*£) t . Note that 

\f?E, 0] = [0, -v((f, K £)t)} , L/f tt% 0] = [0, -iKCtfVf)*)] - 
We must show that 

av^atfV*),)) = v({f?e)t) ■ 

To this end we write out the definition (|j) of the eta invariant. We have 

1 poo 

r)((fFir*£) t )(g) = — / lrgd t A T ^dr , 

Jo 

where A T := A T ((f G 7i*£) t ) is the family of rescaled tamed Dirac operators on the G- 
Hilbert space H(f G ir*£). The important observation is now that H(f, K £) can naturally 
be identified with the subspace of i?-invariants H (f, G ir*£) H , and the restriction of A T 
to this subspace is A T ((f, K £) t ). Note that jjf\J2h&H h ac ^ s as the projection onto the 
subspace of if-invariants. Therefore 

w H ( V ((ffn*£) t ))(Hg) = JL £ r)((f?ir*£) t )(hg) = r)((f, K £) t )(Hg) . 
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Altogether we thus have shown that 

av"[/, G 7r%0] = [f, K £, 0] . 
This finishes the proof of Proposition |4.10| . □ 

4-3.7 Let B be an orbifold which admits a presentation B = [M/G] with a finite group 
G. Assume that the map [M/G] —> [*/G] is proper and differentiably K-oriented. 

Proposition 4.11 If B = [M'/G'] is another presentation of B with a finite group G' , 
then [M'/G'] — > [*/G'] has an induced differential K- orientation. This correspondence 
preserves reality. 



Proof. We use the method and notation of the proof of Theorem [4.3| . The differential 
i^-orientation of [M/G] — > [*/G] is given by G-invariant data on M, see |3.1.7| . It lifts to 
G x G"-equivariant data on N, and finally induces the G'-equivariant data on M' which 
gives the induced orientation of [M'/G'] — > [*/G']. This correspondence respects the 
equivalence relation between representatives of differential i^-orientations. □ 



In view of Proposition we can talk about a differential i^-orientation of an orbifold 
which admits a presentation [Mj G] with a finite group G. 

Definition 4.12 Assume that B = [M/G] is an orbifold presented with a finite group 
G. A differential K-orientation o of an orbifold B is represented by a differential Re- 
orientation of the map [M / G] — > [*/G]. 

If d is a differential K-orientation represented by [M'/G'] — > [*/G'], where B = [M'/G'] 
is a presentation of B for a another finite group G' , then d = o if d is equal to the 
differential K-orientation induced on [M'/G'] — > [*/G'] by o according to Proposition 
\j.ll\ . The differential K-orientation of B is called real if it is represented by a real 
differential K-orientation of [M/G] — > [*/G\. 

Note that we only define the concept of a differential .fT-orientation of an orbifold if the 
latter admits a presentation as a quotient of a closed manifold by a finite group. 

Proposition 4.13 Let B = [M/G] with G finite be an orbifold with a differential K- 
orientation represented by a differential K-orientation of [M/G] —> [*/G]. The pairing 

k{B) ® k{B) 4 k{B) = k{[M/G\) TrGO(/ ^4/'*/ G ]- )1 T 

is well-defined independent of the choice of the representative of the differential K-orientation. 
If the orientation of B is real, then by restriction we get a well-defined pairing 

K R (B) ® K R (B) -> R/Z . 
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Proof. We again use the technique of the proof of Theorem [4.3| . If B = [M/K] and 
B = [M'/K'] are two presentations, then there is a third presentation B = [N/G] such 
that K, K' C G are normal subgroups and M = N/K' and M' = N/K. We now use 



Proposition |4.10| which gives 

Tr K f, K (x U y) = Tr G (jf (7r*(z U y))) = Tr K >f, K '(x' U y') , 
where x,y G i^([M/iT]) and G K([M' /K']) are such that 7r*a; = pr'*x' and 7r*y 



□ 



4.3.8 

Theorem 4.14 Let B be an orbifold with a differential K- orientation. The intersection 
pairing 

K(B) ® K(B) H T 



is non- degenerate. If the orientation of B is real (see 3.3.~$J then the restriction 



(•.;) 



K R (B) ® K R (B) ^ M/Z 



non-degenerate. 



Proof. We can apply the argument of the proof of [ pMS07| , Proposition B6] using the 
fact that 



A Tr G°(/[M/(|/[./G]' 



T 



1 



U G {M)®K G {M) ^ U G (M) 
U%(M) ® K G (M) 4 t/^(M) Trc — ' 
are non-degenerate pairings by Theorem |4.S| and Corollary WM 



□ 



5 Examples 

5.1 The differential A'-theory class of a mapping torus 

5.1.1 Let G be a finite group. We consider a geometric Z/2Z-graded G-bundle V := 
(V, h v , V 17 , z) over S l , where we let G act trivially on S 1 . Let 1 G S* 1 be the base point. 
The group G acts on the fibres V 1 of the homogeneous components of V. We assume 
that = V{~ as representations of G. Let V denote the corresponding G-equivariant 
geometric family over S 1 . Equivalently, we can consider the family [V/G] over [S 1 /G}. 
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We have an exact sequence 

K^/G]) A n^L^/GD/imid) A ^([S^G]) -4 K°{[S X /G\) -> . 
We identify 

Q 1 (L[S 1 /G])/im(d) ^ R(G) <8> & (S 1 ) / ±m(d) ^ R(G) ® C 

and 

(fi 1 (L[S' 1 /G'])/im(c?))/ch(A' 1 ([S' 1 /G'])) = <g> T . 

The class [V, 0] G A^S* 1 ) satisfies 7([V,0]) = and hence corresponds to an element of 
R(G) (g) T. This element is calculated in the following lemma. 

For g G G we decompose V ± = ^ e&u ^ V ± (@) according to eigenvalues of g. Let ^(9) G 
U (no) I conj denote the holonomies of V ± {6) (well defined modulo conjugation in the group 
U(n e )). 

Lemma 5.1 We have [V, 0] = a($), where $ G Vl 1 (L[S l / G}) / im(d) ^ C[G] G zs ^i«en by 

Proof. We consider the map q: [S 1 /G] — )■ [*/G] with the canonical A"-orientation given by 
the bounding Spin-structure of S 1 . By Proposition |3.18| we have a commutative diagram 



R(G)®C fi 1 (L[ 1 S 1 /G])/(ini(d) + im(ch)) — ^ ^([^/G]) 



i?(G)®C-^ Q°(L[*/G])/im(ch) — ^ if 1 ([*/£]) 

In order to determine [V, 0] it therefore suffices to calculate q\{[V, 0]). Now observe that 
q: S 1 — > * is the boundary of p: D 2 — > *. Since the underlying topological A-orientation 
of q is given by the bounding Spin-structure we can choose a differential A-orientation of p 
with product structure which restricts to the differential A-orientation of q. The bundle V 
is topologically trivial. Therefore we can find a geometric G-bundle W = (W, h w , V w , z), 
again with product structure, on D 2 which restricts to V on the boundary. Let W 
denote the corresponding geometric family over D 2 . Later we prove the bordism formula 
Proposition It gives 

g,([V,0]) = [0,p,i2([W,O])] = -a ( [ n 2 (W)) . 

\Jl[D2/G\/L[*/G\ J 
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For g G G we have 



fi 2 (w)G?) 



:Ch 2 (V^)(^) 



2tu 



^- (ch 2 (V det(H/+) )(s) - chff(V det ^)(<7) 



-1 



2tu 



Tr#iT 



V detVK+(S) ^ v detW-(fl), 



The holonomy det(0 ± (^)) G C/(l) of det(V ± (^)) is equal to the integral of the curvature 
of detW^fl): 



logdet(0 ± )= / R^ t(W±) . 
Jd 2 

It follows that gi(|V,0]) = a($) with 

4(S) = J_ y fiiog^W), 



□ 



5. Consider a finite group G and let 8 be an equivariant geometric family over a 
point. We consider an additional automorphism <fi of £ which commutes with the action 
of G. Then we can form the mapping torus T(S, 4>) : = (R x S) /Z, where n G Z acts on R 
by x t— )■ x + 7i, and by </> n on S. The product R x S is a G x Z-equivariant geometric family 
over R (the pull-back of £ by the projection R — > *). The geometric structures descend 
to the quotient by Z and turn the mapping torus T(S, </>) into a geometric family over 
[5' 1 /G] = [(R/Z)/G], where G acts trivially on S 1 . In the present subsection we study 
the class 

[T(£,0),O]Gi:([S7G]) . 

In the following we will assume that the parity of £ is even, and that index(£) = 0. 
Let dim: K°([S l /G}) —> R(G) be the dimension homomorphism, which in this case is an 
isomorphism. Since dim/([T(£, 0), 0]) = dim(index(£)) = we have in fact 

[T(S,4>),0] G im(a) {n 1 {L[S 1 /(^)/±ai(d))/ch.{K 1 {[S 1 /G\)) = R(G) <g> T , 

as in |5. 1 . 1| . 

Set V := ker(Z}(£)). This graded G- vector space is preserved by the action of 0. We use 
the same symbol <fi in order to denote the induced action on V. 
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We form the zero-dimensional family V := (R x V)/Z over [5' 1 /G]. This bundle is iso- 
morphic to the kernel bundle of T(£,<p). The bundle of Hilbert spaces of the family 
T(£, (f>) U[5i/G] V op has a canonical subbundle of the form V © V op . We choose the taming 
(T(£, (j)) U[5i/G] V op )t which is induced by the isomorphism 

0!) 

on this subbundle. Note that [T(£,0),O] = [V, r] l {{T(£ , (j>) U [5 i /G] V op )t)]. Since 

(T(£,0)U [5VG] V op )t 

lifts to a product under the pull-back R -> R/Z we see that r/ 1 ((T(^, 0) U [s i /G] V op )t) = 0. 
It follows that [T(£,0),O] = [V, 0] G -R(G) <8> T. This class has been calculated in terms 
of the action of <fi on V in Lemma |5.1| . 



5.2 Bordism 

5.2.1 A zero bordism of a geometric family £ over an orbifold B is a geometric family 
W over i? with boundary such that £ = dW. The notion of a geometric family with 



boundary was discussed in detail in [Bun]. 



Proposition 5.2 If £ admits a zero bordism W, then in K*(B) we have the identity 

[5,O] = [0,fi(W)]. (28) 

Proof. Since £ admits a zero bordism we have index(£) = 0. In order to see this choose 
a presentation B = [M/G]. Then M x B £ is a G-equivariant geometric family which 
admits a G-equivariant zero bordism M x # W. By the equivariant bordism invariance of 
the index it follows that index(M x# £) 6 Kq(M) vanishes. This implies index(£) = 
in K(B). 

It follows from Lemma [2.10| that after replacing £by £U b £^b £ op and W by W U B (£ x J) 
for a suitable geometric family £ there exists a taming £ t . This taming induces a boundary 
taming W^. The obstruction to an extension of the boundary taming to a taming of W 
is index(W6 t ) G K(B). Using the method described in |2.5.8| we can adjust the taming £ t 
such that index(Wbt) = 0. Here it might be necessary to add another family to £. Then 
we extend the boundary taming Wbt to a taming Wt, possibly after a further stabilization, 
i.e. after adding a family Q YA B Q° v with closed fibres. 
We now apply 

Theorem 5.3 
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To prove Theorem |5.3| , we adapt the proof of theorem ||Bun| Thm. 4.13] using the remarks 
made in the proof of Theorem |2.25| . We see that (£,0) is paired with (0,f2(W)). This 
implies (p8|). □ 



5.2.2 Let p: W — > B be a proper representable submersion from an orbifold with bound- 
ary W which restricts to a submersion q := (p\aw) '■ (Y '■= dW) — > B. We assume that p 
has a topological if-orientation and a differential if-orientation represented by o p which 
refines the topological if -orientation. We assume that the geometric data of o p have a 
product structure near V. In this case we have a restriction o q := o p \V which represents a 
differential if -orientation of q. It is easy to see that this restriction of representatives (with 
product structure) preserves equivalence and gives a well-defined restriction of differential 
if -orientations. We have the following version of bordism invariance of the push-forward 
in differential if -theory. 

Proposition 5.4 For y G K(W) we set x := y\y G K(V). Then we have 

%[x) = [®, P ?R(y)] . 

Proof. The proof can be copied from ||BS07|, 5.18]. □ 



5.3 The intersection pairing for [CP 1 / (Z / TcZ)] 

5.3.1 For k e N let T := Z//cZ. We fix a primitive /c'th root of unity £ and let T act on 
C 2 by [n]Oo,2i) = (^o,^i)- This induces an action of T on CP 1 . Let X := [C^/T] be 
the corresponding orbifold. 

We cover CP 1 by the standard charts U :— {[u : 1] | u £ C} and V := {[1 : v]\v G C}. 
The transition is given by i> = -. Therefore T acts on U by [n]u := £ n u, and on 1/ by 
[n]v = i~ n v. 

5.3.2 We calculate K(X) = ifrlCP 1 ) using the Mayer- Vietoris sequence associated to 
the covering UUV. These spaces are equivariantly homotopy equivalent to points. There- 
fore we have isomorphisms of rings Kr(U) = K-p(V) = R{T) = Z[Z/fcZ]. The latter is 
the free Z- module generated by the classes [I], I G 0, . . . , k — 1, where [I] is the representa- 
tion of Z/A;Z on C which sends [1] to Furthermore, we have an equivariant homotopy 
equivalence U H V = C* with a free T-action. Note that C*/T = C*. We therefore have 

K l r (C*) ^ Z, i = 0, 1 . 
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The Mayer- Vietoris sequence reads 



K°(X) *R(T)@R(T)— >Z • 

<5 

Z- 0- K\X) 

The map a maps a pair of representations (x, a0 of 7 to the difference of their dimensions. 
In particular, it is surjective. Therefore K^(X) = 0. 

The map 5 maps the integer 1 G Z to the class represented by the difference L — 1, where 
1 = CP 1 x C with the trivial action of V on the fibres, and L is the bundle obtained from 
U x C and V x C, again with trivial fibrewise action, glued with (u, z) 1— > (u _1 , u k z). In 
order to see this, one can use the factorization through the boundary map of the Mayer- 
Vietoris sequence for CP 1 \ {0, 00} with corresponding decomposition (and for K-theory 
with compact supports). The main point is that the action is free here, so that we can 
pass to the quotient with the projection map, where everything is known. 
We now define a split a as follows. Let £ Z with corresponding representations 
([/], [h]) G -R(r) © -R(r). Then a([l], [h]) = 0. We define equivariant trivial bundles 
Ljj :— U X C and Ly := V x C, where the actions on the fibres are given by [/] and 
[— h], respectively. Then we can glue the trivial bundles equivariantly using the transition 
function C* x C 3 (u,z) i-)- (u~ l ,u~ k ~ l z). The result is L^ h := a ([I], [h]). 
Note that, by construction, as equivariant bundles 

Li,h ® L>i',h' — Li+i',h+h', L*^h — L-i-h (29) 
Moreover, the bundle L from above is precisely L = L _k- 

Using a basis of ker(a) consisting of elements of the form [/], [h] and the resulting linear 
split of j3 and 5 we get a decomposition 

K°(X) = Z©ker(a) . 

5.3.3 The manifold CP 1 has an equivariant complex structure. It gives an equivariant 
Spm c -structure and therefore an equivariant i^-orientation. In the following we calculate 

/ : K{X) -> R{T) . 
J[CPV r ] 

The calculation is based on the explicit knowledge of the kernel and cokernel of the 
Spm c -Dirac operator twisted by suitable representatives of elements of K(X). In fact, 
the 5pm c -Dirac operator is the Dolbeault operator D. Therefore for a holomorphic bundle 
E -> CP 1 

ker(D + ® E) = H°(C¥\ E) , coker(D+) = H^CF 1 , E) = H°(C¥\ K ® E*)* , 
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where K denotes the canonical bundle. Observe that K = using that the constant 

— 1 showing up in the usual transition functions is homotopic to 1 in C*. 
We now consider the case E = L^h with h, I 6 Z. The holomorphic sections on L^h over 
U (viewed as functions in the trivialization fixed above) have a basis of the form u i— > u s 
with s > 0. They are transformed to v h- > v~ s+l+h on V. These sections are holomorphic 
if < s < I + h. 

The section u s is mapped by the generator of Y to !; l ~ s u s , i.e. T acts by multiplication 
with £, l ~ s . Consequently, as T-representation we get 

l+h 
s=0 

The holomorphic sections on U of K ® L* lk are given by u s du with s > 0. They are 
transformed to —v~ s ~ 2 ~ l ~ h dv on V . For holomorphy we hence need 0<s<— I — h — 2. 
We see that there is no cancelation between kernels and cokernels. As representations of 
T we have, using that K ® L^ h = and that we have to look at the dual of the 

space of holomorphic sections, 

^(CP 1 ,^)^ [l + s+1] . 

s=0 

5.3.4 F° r an explicit example, let us take k = 2. A basis of the Z-module K°(X) = Z 4 
is given by 

( e i)t=i := (1 = L fi, L _ 2 , L_ 10 , Lq ^x) . 
The matrix of the intersection pairing 

is given by 

/l \ 

-1 -1 -1 
0-10-1 

v -1-1 j 

which has determinant —1. This illustrates that the pairings 

/<-°(X) c ®K (X)^ 

K°(X) C /K°(X) ® K°(X) T 
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are non-degenerate. We have isomorphisms 



fi°(LX)/im(ch) = K\X) , U\X) = H°(LX)/im(ch) K°(X) C / K°(X), U°(X) 

and an exact sequence 

-> Q l (LX)/im(d) ->■ J\~°(X) -> -> . 

The pairing £g> K(X) — >■ C/Z is non-degenerate, as we already know by Theorem 

4.14[ In order to see this explicitly, assume that x G K X (X). If it pairs trivially with 



the subgroup Q 1 (LX) / 'im(d) , then we conclude that x G E/^X) ^ Jsr (X) c /ir°(X). The 
pairing of x with now factors over K°(X). We can conclude from the topological 

result that x = 0. 

Similarly, if x G K°(X) pairs trivially with K 1 (X), then we conclude that x is given by 
a closed form of odd degree which is necessarily exact. This again implies that x — 0. 
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